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Abstract

The LIGO project is part of a world-wide effort to detect the influx of Gravitational Waves
upon the earth from astrophysical sources, via their interaction with laser beams in inter-
ferometric detectors that are designed for extraordinarily high sensitivity. Central to the
successful performance of LIGO detectors is the quality of their optical components, and
the efficient optimization of interferometer configuration parameters.

To predict LIGO performance with optics possessing realistic imperfections, we have
developed a numerical simulation program to compute the steady-state electric fields of a
complete, coupled-cavity LIGO interferometer. The program can model a wide variety of
deformations, including laser beam mismatch and/or misalignment, finite mirror size,
mirror tilts, curvature distortions, mirror surface roughness, and substrate inhomogene-
ities. Important interferometer parameters are automatically optimized during program
execution to achieve the best possible sensitivity for each new set of perturbed mirrors.
This thesis includes investigations of two interferometer designs: the initial LIGO system,
and an advanced LIGO configuration called Dual Recycling.

For Initial-LIGO simulations, the program models carrier and sideband frequency beams
to compute the explicit shot-noise-limited gravitational wave sensitivity of the interferom-
eter. It is demonstrated that optics of exceptional quality (root-mean-square deformations
of less than ~1 nm in the central mirror regions) are necessary to meet Initial-LIGO per-
formance requirements, but that they can be feasibly met. It is also shown that improve-
ments in mirror quality can substantially increase LIGO’s sensitivity to selected
astrophysical sources.

For Dual Recycling, the program models gravitational-wave-induced sidebands over a
range of frequencies to demonstrate that the tuned and narrow-banded signal responses
predicted for this configuration can be achieved with imperfect optics. Dual Recycling has
lower losses at the interferometer signal port than the Initial-LIGO system, though not sig-
nificantly improved tolerance to mirror roughness deformations in terms of maintaining
high signals. Finally, it is shown that “Wavefront Healing”, the claim that losses can be re-
injected into the system to feed the gravitational wave signals, is successful in theory, but
limited in practice for optics which cause large scattering losses.

Thesis Supervisor: Rainer Weiss
Title: Professor of Physics
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Chapter 1

Introduction to Gravitational Waves and
interferometric detectors

A fundamental prediction of Einstein’s General Theory of Relativity [1], as well as any
other causal theory of gravitation, is the existence ofGravitational Waves. Gravitational
Waves (GW’s) carry energy and information away from strongly accelerating, massive
systems, propagating away at the speed of light to update the resulting gravitational field
structure in the surrounding universe. Gravitational Waves, almost completely unimpeded
during propagation through intervening matter [2], are one of the best probes for examin-
ing the behavior of very distant and massive astrophysical systems.

The Laser Interferometer Gravitational-wave Observatory (LIGO) is one of a new
breed of interferometric detectors of gravitational radiation [3]. LIGO will be a general-
purpose observatory, designed to explore the universe in the “Gravitational-Wave band”,
as well as measuring the properties of the GW’s themselves, thus testing gravitational the-
ory in a fundamental way. In order to accomplish this goal, the LIGO Project is in the pro-
cess of constructing several long-baseline interferometers, highly specialized systems with
state-of-the-art optics and control systems. These interferometers must be exceptionally
well isolated from all contributing noise sources, and must be held to exacting resonance
conditions, in order to detect the extremely weak signals that are expected from even the
most powerful astrophysical sources.

A number of LIGO prototypes have been constructed to test and refine various aspects
of the final detectors, but it is very difficult to predict the behavior of a complete, LIGO-
scale interferometer withrealistically imperfect optical components, from analytically or
experimentally simplified prototypes. It has therefore been necessary to construct a full-
scale numerical model of a full-LIGO interferometer with precisely-defined, realistic optics.
The thesis that is presented here will document the results of this LIGO simulation research.

1.1 The LIGO scientific mission

1.1.1 Gravitational Waves (GW’s) and the principle of detection

According to Einstein’s General Theory of Relativity, there is a precise mathematical rela-
tionship between the distribution of matter and energy in space, and the “curvature of
spacetime” that it generates, and this spacetime curvature in turn embodies the action of
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gravitational forces back upon that matter and energy [4]. Spacetime curvature is repre-
sented by themetric tensor, gµν, which is said to be “flat” in the absence of nontrivial
gravitational fields. The metric tensor is a measure of the relativistic “distance” (i.e.,
“invariant interval”) between two points with coordinate separationsdxµ (in four dimen-
sions), as follows:

(1.1)

In Einstein’s (linearized) theory, gravitational waves represent a oscillating perturba-
tion to the Minkowski metric,ηµν, of flat-spacetime. In the so-called “transverse-trace-
less” (TT) gauge, a GW can be represented as follows [4]:

(1.2)

with:

(1.3)

whereh is the dimensionless (peak-to-peak) amplitude of the GW (with ), with the
GW angular frequency being given byωGW = , and where  is the GW’s ini-
tial phase in the plane of the detector (i.e., at z=0). This metric represents a GW propagat-
ing at the speed of light,c, along the z-axis with wavenumber kGW = . There are
two possible polarizations, called “+” (ε+ = 1,εx = 0) and “x” (ε+ = 0,εx = 1), which differ
by a 45˚ rotation about the z-axis.

To visualize the effect of the GW upon “freely-falling” (i.e., unconstrained) masses,
Figure 1.1 shows the motion of a ring of particles during one period of oscillation as a GW
with the “+”-polarization travels perpendicular to the page:

Figure 1.1:Action of a Gravitational Wave upon a ring of freely-falling (inertial) masses.
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From this figure, it is apparent that a Michelson interferometer with the proper align-
ment (such as that shown in Figure 1.2) would be ideal for converting the GW forces into
an oscillating output fringe, where the interferometer mirrors — not bolted to an optical
table, but hanging as pendula — would act as freely-falling masses above the pendulum
frequency of their suspensions. This is the fundamental principle of LIGO GW detection
[5], where the additional optics in a LIGO interferometer (as will be discussed in detail in
upcoming sections) serve only to amplify this signal or separate it from noise.

Figure 1.2:Measuring GW-forces with a simple Michelson interferometer.

Figure 1.2 depicts the action of a GW as a force which moves the mirrors back and
forth in an opposite fashion, so that the round-trip time for the laser beam along the two
paths is different, and thus a differential phase shift exists between the two beams for
recombination at the beamsplitter. This phase shift causes output light to emerge from the
exit port of the interferometer, which would otherwise have exhibited a dark fringe in the
absence of GW’s due to perfect destructive interference of the two beams.

This “forces on mirrors” or “phase shift” picture is a valid way to view the physical
behavior of the interferometric system [5], but an equally valid perspective is the “GW-
induced-sideband” picture, in which the mirrors are considered to be at rest with respect to
coordinates that are “comoving” [4] with the GW, and for which the effect of the GW is to
create sidebands on the laser light which are generated with opposite sign in the two Mich-
elson arms, and thus emerge from the interferometer exit port to provide the GW-signal.
Though these two pictures are completely equivalent (and equally valid), one is sometimes
more useful than the other for visualization or calculational purposes. Both viewpoints
will be used at appropriate times in this thesis.

Lastly, we note that the weak coupling of GW’s to matter (i.e., infinitesimalh) which
makes GW-detection so difficult, also has a beneficial effect for astrophysical observation:
it makes the universe almost transparent to the waves. GW’s experience virtually no
absorption, scattering, or dispersion of any kind once they have left their initial “wave-
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generation” region [2], and thus provide observers with a view of systems that are very
optically dense (sometimes due to high concentrations of matter in the deep gravitational
well of a GW-source), such as from the cores of supernovae, or from sources that are
extremely distant, such as extragalactic coalescences of Black Hole binaries.

1.1.2 Gravitational-Wave sources and LIGO science goals

The emission of gravitational radiation is similar to that of electromagnetic radiation in
principle, though it is so much smaller in practice because of the weakness of the gravita-
tional force compared to electromagnetism (~10-39 times weaker for the force between a
proton and an electron). Only very massive systems undergoing powerful accelerations,
such as cataclysmic astrophysical events, will radiate detectable GW’s. Observable gravi-
tational radiation will therefore be emitted by masses undergoing coherent bulk motions,
and will pass freely though space all the way from deep in their emission regions to terres-
trial GW detectors. This is in contrast to electromagnetic emissions, which are formed
from the incoherent sum of radiation from a great many particles, and which typically
come to us from the surfaces of stars or from less optically thick regions such as stellar
atmospheres and plasmas, and which typically suffer strong absorption, dispersion, or
scattering along the way. Furthermore, typical GW-frequencies should be of order the
(inverse of the) transit time of the system undergoing coherent bulk motions (i.e.,

), so thatνGW < 104 Hz, unlike the very high frequencies of electromagnetic
radiation which reflect the timescales of atomic transitions and/or thermal emission from
high-temperature objects. The overall result of these differences is that Gravitational Wave
observatories are expected to open up a completely different window on the universe and
lead to a new revolution in astrophysical understanding, much as was achieved by the
introduction of radio and x-ray astronomy earlier in the century, as compared to traditional
optical astronomy [2].

Now consider the angular pattern of radiation which will by emitted by a typical
source. As monopole radiation is forbidden in electromagnetism because of Gauss’ Law
and the conservation of charge, monopole radiation is also forbidden in gravitation
because of Birkhoff’s Theorem1 [6] and the conservation of mass-energy. Unlike electro-
magnetism, however, dipole radiation in gravitation (both “electric” and “magnetic”
dipole types) are forbidden by (respectively) linear and angular momentum conservation
[4].

The energy in GW’s should therefore be dominated by quadrupole radiation, which is
proportional to the square of the third-derivative of the (“reduced”) quadrupole moment.
This third derivative is given as [4]:

1.  The theorem states that, “a spherically-symmetric gravitational field in empty space must be
static”, even if measured from above a (fixed) quantity of mass-energy undergoing radial pulsa-
tions.

νGW 1 T⁄∼
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(1.4)

where it is seen that only the “nonspherical” part of the accelerating mass-energy contrib-
utes to the quadrupolar radiation. The power in a GW is proportional to the square of the
GW-strengthh timesνGW [4], so taking into account the fact that the gravitational power
must decrease as the inverse-square distance from the source in order to conserve energy
(i.e., ) we may writeh as a function of emitted GW-
energy, as follows:

(1.5)

By factoring in the appropriate constants (G, c) to make h dimensionless, we get:

(1.6)

This formula gives a (very rough) approximation of the GW emission from a “typical”
astrophysical source, as well as a rough estimate (neglecting factors of order unity) of the
measurable GW-induced strain caused by ~1 solar mass of energy undergoing nonspheri-
cal (primarily quadrupolar) motion at a distance from earth similar to that of the Virgo
cluster of galaxies. Since even a fraction of a solar mass represents a tremendous amount
of energy in coherent bulk motion, only very powerful sources will emit significant energy
in the form of GW’s. Such systems must be rare, and thus the nearest ones are likely to be
extremely far away, requiring LIGO to construct interferometers of unprecedented sensi-
tivity, measuring GW-strains of  or better.

Gravitational Wave sources are grouped into three categories:periodic sources (e.g.,
non-axisymmetric pulsars),bursts(e.g., supernovae, coalescing Black Hole binaries), and
stochastic sources (e.g., primordial GW’s from the Big Bang). Signal processing and esti-
mation of signal-to-noise ratios is different for these three categories of sources [2], as will
be seen during GW-signal calculations in Section 3.4; but for each of these source types
one can compute a “characteristic” GW-strength,hc, which can be used for comparison
with detector sensitivity.

For each potentially important source of GW’s, there are significant uncertainties and/
or physics limitations which make it difficult to be certain of LIGO’s ability to detect them.
Pulsars, for example, are known to exist in large numbers, and the GW emission from such
objects is fairly easy to compute, assuming a given quadrupole moment (“ellipticity”) for
the spinning neutron star [2, 7]; but there are stringent upper limits on their (static) elliptic-
ities and on their overall energy emitted via GW’s, from, respectively, estimates of the
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breaking strain of their crusts, and from limits to the rate of slowdown in spin which they
experience [7]. Similarly, the rate of occurrence of supernovae is fairly well known [8], but
it is extremely difficult to predict the non-sphericity of the supernova core collapse, and
thus the amount of energy that would be radiated away gravitationally [9]. Coalescences of
compact-body binaries, however, have a fairly predictable gravitational waveform and
radiation strength [9], but in the case of neutron star-neutron star (NS/NS) binaries they
may be sufficiently weak, and such binaries may be sufficiently difficult to produce via
stellar evolution [10, 11] (thus being rare and far away), so that they lie just below LIGO
detectability. In the case of binaries with Black Holes (BH/NS or BH/BH), while their
GW-emission will be much stronger (and are thus observable much farther out), their
abundance in the universe — and in fact, their very existence — is extremely uncertain.

In the face of these uncertainties, LIGO has been designed with one very concrete goal
in mind [12]: the Enhanced-LIGO interferometers1 are designed to bevery likely to detect
the coalescence of NS/NS binaries, a fairly weak but potentially the most predictable
source2. In addition, the Initial- and Enhanced-LIGO systems are also designed in order to
have a good chance at detecting the other GW-sources mentioned above, as well as being
broadband and flexible enough to detect the most important Gravitational Wave source of
all: the Unknown.

Figure 1.3 shows the projected LIGO sensitivities for Initial and Enhanced (i.e.,
advanced-subsystem) detectors, along with theoretical “best estimates” of signal strengths
(as a function of GW-frequency) from inspiraling compact binary sources (as they evolve
in time), at various distances from the earth. The stippled areas represent a theoretical
range of detector sensitivity depending upon source location on the sky and GW-polariza-
tion, as well as the signal-to-noise ratios required for detection; thehSB (“sensitivity to
bursts”) curves represent randomized source direction plus the requirement of high-confi-
dence, correlated detection in all LIGO interferometers, while thehrms curves represent
unity signal-to-noise detection for GW’s with optimal source direction and GW-polariza-
tion. This figure, reproduced from a local LIGO presentation [15], demonstrates the esti-
mated high-likelihood of compact-binary detection with planned LIGO systems.

If LIGO detectors succeed in observing these or other sources, then in addition to
being an astrophysical observatory, LIGO would also test aspects of GW’s such as their
predicted quadrupolar nature, their spin (relativity predicts spin 2), and their propagation
speed in vacuum (e.g., by comparing the arrival time of GW’s from supernovae with the
arrival time of its neutrinos), assumed to be at the speed of light. Information about the

1.  An “Enhanced” LIGO interferometer refers to a system which integrates a number of advanced
subsystems into the Initial-LIGO configuration.
2.  The emission of gravitational radiation from a binary pulsar (NS/NS) system has in fact been
demonstrated via observations by Hulse and Taylor [13] of PSR 1913+16, which was shown to lose
orbital energy (presumably due to GW’s) at a rate that matches the predictions of general relativity
[14]; this finding has been the first (indirect) experimental proof of the existence of GW’s.
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Figure 1.3:Target sensitivities of LIGO interferometers for inspiraling compact binaries.

physics of GW-generation would also be obtained, thus providing our first glimpse into
the behavior of highly relativistic systems with strong, nonlinear gravitational fields.

1.2 Interferometer noise sources and the shot-noise
sensitivity limit

The projected LIGO noise curves shown above in Figure 1.3 can be seen to possess some
structure, including clearly-defined regimes of different functional behaviors. These noise
curves actually represent the quadratic (i.e., incoherent) sum of a variety of anticipated
noise sources. A plot of the individual noise contributions for the Initial-LIGO detector
[15] are shown in Figure 1.4, in which certain “technical” noise sources (e.g., amplifier
noise, and several narrow suspension wire resonances) have been omitted.

The “fundamental” noise sources which we consider generally fall into two categories:
sensing (or phase) noise, andrandom force noise. In the language of our “forces on mir-
rors” interpretation of GW-action described in Sec. 1.1.1, we would say that sensing noise
affects where wemeasure the interferometer mirrors to be, while random force noise actu-
ally pushes them around, as GW’s would do. Examples of sensing noise are photon shot
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Figure 1.4:A summary of anticipated noise sources for the Initial-LIGO interferometers.

(i.e., counting) noise, phase shifts induced by residual gas in the beamtubes, and stray
light pollution. Examples of random force noise are thermal vibrations (in the suspension
wires and in internal vibrations of the mirrors), seismic motions, gravity-gradient-induced
mirror motions, and radiation pressure fluctuations due to variations in circulating laser
power.

The dominant noise sources for the Initial- and Enhanced-LIGO configurations are
seismic, thermal, and shot noise (although radiation pressure noise may become important
in Enhanced configurations with very large input laser powers, such as ~100 Watts). These
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dominant contributions clearly define the overall noise estimates,1, shown in Fig.
1.3, and we will restrict our consideration to these noise sources in our study of interfer-
ometer behavior.

This thesis focuses on the effects of imperfect optics upon LIGO performance; in par-
ticular, imperfect optics reduces the amount of circulating interferometer power available
for sensing mirror positions, and also increases the amount of scattered power in high
transverse modes that appears at the exit (i.e., signal) port of the Michelson beamsplitter.
The former effect reduces the statistics available for photon counting, while the latter pro-
vides stray light that adds to the shot noise but not to the GW-signal. The quality of inter-
ferometer optics therefore has a direct impact upon the interferometer shot noise curves,
while it has little effect upon the level of random force noise contributions such as seismic
or thermal noise.

In our interferometer simulation work, therefore, we focus upon theshot-noise-limited
region of the LIGO noise envelope in evaluating the effects of optical imperfections. For
each set of output results,  is computed, and can be compared to LIGO require-
ments. This shot noise function can be combined with theexpected levels of seismic and
thermal noise in order to represent the overall noise envelope, , of a LIGO interfer-
ometer with a particular set of imperfect optics. It can also be converted (such as in Sec-
tion 3.4) into mathematical forms that are well-suited for comparison with astrophysical
predictions, in order to determine the effects of optical deformations upon the capabilities
of LIGO to detect gravitational waves of reasonable, anticipated strengths.

One can obtain a simple estimate of the shot-noise-limited sensitivity of a LIGO inter-
ferometer via the Heisenberg Uncertainty Principle for photon number and phase [16]:

(1.7)

The power in a laser beam is given by , so for a coherent beam with
, we have  (for signal integration timeτint). A phase

shift is related to a length change according to .
We can combine these results to re-express the uncertainty relationship as follows:

(1.8)

With the change in the interferometer arm lengths from GW’s given by  (where
L for LIGO arms equals 4 km), and assumingNbounces ~ 130 for the stored power in the
Fabry-Perot cavity (see Fig. 1.5) arms, ~100 W of power encountering the Initial-LIGO
beamsplitter,τint ~ 5 x 10-3 s (for νGW ~ few x 100 Hz), and a factor of ~2 in sensitivity
roll-off at the observation GW-frequency (say, ~150 Hz) this yields a GW-sensitivity of:

1.  We define  as the GW-strain needed to produce a signal-to-noise ratio of 1, after a
one second signal integration time.
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(1.9)

Comparing this approximate result with Eq. 1.6 for GW-emission strengths, and given the
need for high signal-to-noise ratios (and considering non-isotropic detector sensitivity), we
see that a significant amount of a solar mass’ worth of energy undergoing nonspherical
motion is necessary, for a source emitting GW’s at a distance of 10 Mpc from the earth, for
it to be within range of detection for an Initial-LIGO interferometer —also assuming that it
is observed at GW-frequencies where noise sources other than shot noise are unimportant.

More sophisticated calculations of shot-noise-limited sensitivities will be done later on
in this thesis to interpret the output results of our numerical interferometer simulations;
but this order-of-magnitude calculation is sufficient to show that the detection of gravita-
tional waves by LIGO is a viable prospect, and that reducing the shot noise level with
high-quality optics will have a strong impact upon the detectability of GW-sources of rea-
sonable strengths (provided that the levels of, e.g., thermal noise, are also low enough).

1.3 The purpose of this work

1.3.1 The effects of optical imperfections

Consider once more the equivalent phase shift that must be observed in a LIGO interfer-
ometer in order to detect GW’s. For , we require:

(1.10)

Given this extraordinarily strict phase requirement, and the complex interferometric appa-
ratus that must be constructed to measure it, it is not sufficient to assume idealized optical
elements; rather, it is necessary to perform a sophisticated evaluation of LIGO perfor-
mance with “realistic” mirrors, and also to ensure that optics can be procured which are
good enough to meet LIGO sensitivity goals.

The estimation of LIGO performance with realistically imperfect mirrors is a chal-
lenging task, because of the wide variety of physical effects that must be accounted for in
a LIGO interferometer. One consideration, for example, is the finite size of the mirrors
compared to the (Gaussian-profile) laser beam; because of the long interferometer arms
(to make∆L large for a givenh), the beam spot size is large at various interferometer loca-
tions, and non-negligible power (up to ~1-2 parts per million per bounce) falls off the mir-
ror edges, even for perfectly collimated Gaussian beams. Even more significant is the loss
due to finite-size mirrors when realistic mirror deformations are taken into account, since
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the fine-scale roughness of an imperfectly-polished mirror scatters power away at high
angles, leading to very significant power loss (up to ~  ofall power dissipation in the
system in some cases) in the long Michelson interferometer arms. These losses due to mir-
ror imperfections can cause a significant reduction of built-up power in the interferometer
arms, thus degrading the shot-noise-limited phase sensitivity of the system and making it a
poorer detector of GW’s.

Besides the possibility of scattering losses, imperfect mirrors transfer light out of the
fundamental (“TEM00”) Gaussian mode into higher modes (possessing different spatial
profiles) that maystay in the system, thus corrupting the circulating laser field. These
higher modes may leak out of the exit port of the Michelson beamsplitter where GW-signal
detection is performed (see Fig. 1.2), thus increasing the shot noise at the photodetector
while providing no additional GW-signal (in addition to acting as another source of loss).
Even for very good optical surfaces with small coupling out of the fundamental laser mode,
corruption of the circulating laser field can be very significant, because (as will be dis-
cussed shortly) the LIGO interferometer is not a simple Michelson interferometer, but
rather it is a complex, resonant system of multiply-coupled cavities; and any higher mode
that is generated by the optics and which is accidentally resonant in this coupled-cavity sys-
tem can be significantly amplified, at the expense of the desired, fundamental-mode light.

Mirror deformations can be divided into a few different classes of interest. One class is
that of “geometric” deformations, such as tilts or mirror curvature errors (i.e., mismatch of
the beam into the interferometer), which must be controlled actively (via feedback sys-
tems) or passively (e.g., careful mirror polishing) to a very fine degree for the successful
operation of LIGO interferometers. In the language of Hermite-Gaussian laser modes [17],
one may say that geometric deformations are well-defined errors which convert TEM00
mode power into a very few specific higher modes; tilts, for example, cause the creation of
TEM10 and TEM01 modes, while curvature errors generate power in the “donut” modes,
TEM20 and TEM02. For solely geometric deformations, therefore, it is often possible to
determine interferometric beam behavior with analytical or semi-analytical methods. The
analysis of interferometer laser power into this modal basis is discussed in Appendix A.

The situation is more complicated for non-“geometric” deformations such as either
random or highly-structured mirror roughness, both of which would be expected to exist in
significant amounts for any real-world optic. These deformations scatter a finite amount of
power intovirtually all modes, making an analytical solution nearly impossible, especially
for (possibly non-invertible) systems with irreversible power losses such as those due to
finite-aperture mirrors. The behavior of these modes can be quite complicated in a cou-
pled-cavity system such as LIGO, since modes of different orders experience completely
different (“Guoy”) phase shifts during round trips through cavities where the beam experi-
ences significant focusing [17]. Computing the behavior of laser fields circulating in a full-
LIGO interferometer that possesses realistically-imperfect optics is therefore an extremely
difficult problem; it is one which, we argue, requires a full-scale numerical model to

1 2⁄
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obtain a solution that one may have confidence in. Creating such an interferometer simula-
tion program, and applying it to questions of expected LIGO performance — for both Ini-
tial- and Advanced-LIGO configurations — has been the focus of this thesis research.

1.3.2 A computational tool for complex interferometers

Prior to the creation of a full-scale numerical simulation program, a number of different
approaches have been taken to estimate interferometric detector performance for simpli-
fied cases. Analytical methods suffice for the consideration of optical defects that can be
treated as pure losses, such as absorption1 within mirror substrates and reflective coatings,
and very high spatial frequency surface figure deformations which scatter light power
completely out of the interferometer apparatus. For the study of mirror tilts and beam dis-
placements, a matrix model which evaluates the coupling between the first few lowest-
order TEM laser modes has been shown to be useful [18], and a matrix model using dis-
crete Hankel transforms exists for problems with axial symmetry [19]. For the consider-
ation of more general optical imperfections, however, the most comprehensive (though
computationally intensive) method is the complete, grid-based modelling of the transverse
structure of the electric field wavefronts, while using discrete Fast Fourier transforms
(FFT’s) for the longitudinal propagations of these laser beams in theparaxial beam limit
[17]. The physical principles and computational algorithms of such a simulation program
will be discussed in detail as the subject of Chapter 2.

Grid-based simulations of the laser fields of optical cavities and/or interferometers has
a long history [e.g., 20], and has had much application lately [21, 22] to the problem of
interferometric GW-detection. The principle advance represented by the research pre-
sented here is the extensive modelling ofrealistically deformed optics in acomplete (as
defined below) LIGO interferometer, where additional laser fields needed for the GW-sig-
nal detection process are also modelled, and where the interferometers arefully-optimized
for GW-detection for each different set of realistic optics that is included. This is also the
first research performed for an Advanced-LIGO configuration known as “Dual Recycling”
in which optics with realistic deformations have been modelled. All of these developments
allow us to model first-generation and future-generation LIGO interferometers in unprece-
dented detail, which has enabled us to participate in a wide variety of research and devel-
opment efforts (Section 3.5 and Chapter 4), and make practical recommendations (Chapter
5) to the LIGO Project regarding the design of interferometric GW detectors.

A brief overview of the current state-of-the-art of LIGO optics, and of the general
Project requirements for optic polishing and coating, is given in Appendix B; the produc-
tion of this first generation of LIGO mirrors and mirror specifications has been guided in
part by the results of our numerical interferometer simulation research.

1.  Absorption can be treated as pure loss as long as thermally-induced refractive effects due to mir-
ror heating can be neglected.
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1.3.3 Initial-LIGO configuration studies

A schematic diagram of the core optical configuration [5] of an Initial-LIGO interferome-
ter is shown in Figure 1.5. While it is appears much more complex than the simple Mich-
elson interferometer depicted in Fig. 1.2, the principle of GW-detection is the same: a GW
will cause opposite motions for the mirrors in the two arms, leading to a differential phase
shift at the beamsplitter, and an output fringe at the beamsplitter exit port that contains the
GW-signal. This output signal carries the time dependence of the GW, and is most effec-
tively produced by a GW with optimal propagation direction (perpendicular to the page)
and a polarization orientation aligned as in Fig. 1.1.

Figure 1.5:The core optical configuration of an Initial-LIGO interferometer.

The added mirrors in this interferometer configuration serve to amplify the GW-signal
as much as possible. The long-baseline (4 km) arms increase the signal because the GW
represents astrain in space, such that  is proportional to L. One can gain by
increasing L all the way up to , after which the round-trip travel time through
the arms is so long that gains made during the first half-period of the GW are washed out
during the second half period. For a highest (scientifically interesting) observation fre-
quency of, say,νGW ~ 1 kHz, the places a limit on the arm length of L ~ 300 km.

Given the infeasibility of constructing beam enclosures that are 300 km long, LIGO
compensates by placing additional, semi-transparent mirrors in the arms, thus turning
them into Fabry-Perot cavities. These cavities are multi-bounce systems which amplify
(and narrow-band) the GW-response by bringing the arms up to the selected round-trip
travel-time limit. The current choice of mirror reflectivity for the LIGO Fabry-Perot input
mirrors brings the roll-off frequency for the GW-signal to ~90 Hz, after which the (shot-
noise-limited) GW-sensitivity falls like  (c.f. Eq’s. 3.3, 3.5, 3.6 in Section 3.1).
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As depicted in the Fig. 1.5, LIGO is a multiple-frequency system: radio-frequency
sidebands are impressed upon the carrier light in order to serve as a heterodyne detection
scheme for GW’s. The carrier light (in the absence of GW’s) is brought, via control sys-
tems, as nearly as possible to a dark-fringe at the beamsplitter exit port, while the side-
bands are maximally channelled through the exit port in order to superpose with any GW-
induced light that emerges, so that the combined output beam can be demodulated to pro-
duce the GW-signal. These differing phase conditions for the carrier and sideband beams
at the exit port are achieved via the implementation of an asymmetry, denoted in the figure
by , between the lengths of the small sections of the arms that lay between the
beamsplitter and the Fabry-Perot cavities. The complete signal detection process, includ-
ing the sideband frequencies and the length asymmetry scheme, is discussed further in
Chapter 2, and full calculations are performed in the Appendices.

Lastly, in regards to Fig. 1.5, we note the presence of an input mirror to the entire
interferometer, known as thePower Recycling Mirror [23]. This mirror is placed there to
recycle all of the power emerging from the “bright-port” of the beamsplitter back into the
system. In particular, this should include virtually all of the carrier light reflected from the
Fabry-Perot arms (if the exit-port dark fringe is well-maintained), and by re-injecting this
power into the interferometer (rather than absorbing or otherwise dissipating it), the Power
Recycling Mirror increases the GW-signal by a broadband factor equal to the square root
of the carrier power gain in the arms. Thus this interferometer configuration gets maxi-
mum use out of the power used to excite the system.

As introduced in the preceding sections, we have constructed a simulation program to
model the behavior of this Initial-LIGO interferometric detector for optics possessing
imperfections of many types, including deformations such as those present within real-
world optics. The goals of this work are to help provide answers for the following ques-
tions:

• What are the effects of realistically imperfect optics upon interferometer performance
and GW-sensitivity?

• What quality of mirrors are necessary in order to meet the Initial-LIGO performance
requirements?

• Is it even possible to meet the Initial-LIGO requirements with optics possessing
realistic deformations?

• How much can the scientific goals of LIGO benefit by using optics of the highest
possible quality?

The thesis research to be presented here is intended to contribute significantly towards
each of these fundamental lines of inquiry. The results, as will be seen in Chapter 3, por-
tray an optimistic picture of predicted LIGO performance, as well as placing a premium
upon the fabrication of very-high-quality optics.

Ls La±
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1.3.4 Studies of an Advanced-LIGO configuration: “Dual Recycling”

In addition to characterizing the performance of Initial-LIGO interferometers, there has
been a second initiative central to this research: investigating the performance of a promis-
ing Advanced-LIGO configuration, called Dual Recycling [24], with realistically imper-
fect optics. More than simply an Initial-LIGO configuration with enhanced subsystems, an
Advanced-LIGO configuration such as this one incorporates additional optical compo-
nents that change the GW-frequency response of the detector, as well as many aspects of
the basic functioning of the interferometer. Dual Recycling, as a particular case, is funda-
mentally equivalent in response to many of the other Advanced-LIGO configurations that
have been proposed (e.g., “Resonant Recycling” [23], “De-tuned Fabry-Perot Arms”
[25]), and yet is both more convenient to use and better behaved than most [24]; we have
therefore chosen to focus upon the Dual Recycling configuration for our research on
Advanced-LIGO interferometers.

Figure 1.6:The core optical configuration of a Dual-Recycled LIGO interferometer.

A schematic diagram of an interferometer with Dual Recycling is shown in Figure 1.6.
It is nearly identical to the Initial-LIGO configuration (c.f. Fig. 1.5), except for the addi-
tion of a mirror at the beamsplitter exit port, called theSignal Recycling Mirror. The func-
tion of this mirror is to reflect the power in the oscillating exit port fringe (which bears the
GW-signal) back into the interferometer for resonant amplification. This “Signal Recy-
cling”, in conjunction to the Power Recycling which already exists, is what gives this con-
figuration the name of “Dual Recycling”.
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For Dual Recycling, it is useful to consider the “GW-induced-sideband” picture (intro-
duced in Sec. 1.1.1) as the appropriate basis for the analysis of the GW-detection process.
In this picture, one views the action of GW as being the generation of GW-sidebands (at

) in the Fabry-Perot arms. These GW-sidebands (depicted in Fig. 1.6)
then experience adouble-resonance in the coupled-cavity system of the Fabry-Perot arms
and theSignal Recycling Cavity (SRC), where the SRC is defined as the path between the
Fabry-Perot input mirrors and the Signal Recycling Mirror.

One difference between Figures 1.5 and 1.6 is the absence of radio-frequency sideband
light (as well as absence of a length asymmetry) in the latter case. This is because the for-
mulation of a detection scheme is more complicated for the Dual Recycling case, espe-
cially when the arms possess Fabry-Perot cavities, and also because the adoption of a
detection scheme for Advanced-LIGO interferometers may depend upon practical consid-
erations which are not yet clear at this time. Rather than modelling radio-frequency side-
bands, we have chosen to retain full generality by simulating the GW-induced sideband
beams themselves, from which we can at least obtain the raw GW-frequency-dependent
signal amplitudes; also, the shot noise level will be computed from just the exiting carrier-
frequency light, assuming it to be the dominant source of power at the signal port.

The double-resonance experienced by the GW-sidebands in the coupled arm cavities/
SRC system can be used to bothnarrowband andshift the peak of the interferometer’s
shot-noise-limited GW-sensitivity function away fromνGW = 0. Further details of how
these different response functions are produced are presented in Chapter 4; for now, we
note that narrower sensitivity peaks are obtained with higher reflectivities of the Dual
Recycling Mirror, and that shifting the GW-frequency of the peak is achieved via sub-
wavelength-scale displacements of the Signal Recycling Mirror.

The benefits of altering the shot-noise curve with Dual Recycling are obvious from the
rising shot noise level (versus frequency) shown in Figure 1.4. At low GW-frequencies,
LIGO is dominated by a host of noise sources, especially seismic and thermal noise. But at
higher frequencies (~100-200 Hz and above) shot noise alone dominates, so that it is ben-
eficial to move the region of low shot noise away fromνGW = 0 to these frequencies. In
addition, the range of ~100 Hz-1 kHz is a very important region of frequency space for
astrophysical GW-sources that should be detectable to LIGO, such as periodic emissions
from non-axisymmetric pulsars and the final merger/ringdown of Black Hole binaries [2].
Strong narrowbanding of the sensitivity curve at a chosen GW-frequency can, in fact,
greatly enhance the detectability of a source which remains within a fixed range ofνGW
for many emission cycles, such as pulsars. Given the great potential usefulness of tuning
the peak of the GW-sensitivity curve, Dual Recycling has an advantage over several other
Advanced-LIGO interferometer configurations because of the ease with which it can be
tuned: only microscopic adjustments of the Signal Recycling Mirror are required.

Dual Recycling is also believed to have other important benefits, especially in regards
to tolerance for imperfections of the optics [24]. First of all, by placing a mirror in front of

ν νLaser νGW±=
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the exit port of the beamsplitter, power that would leak out due to an imperfect carrier
dark-fringe is inhibited from leaving, so that the output of undesirable beam modes (which
may interfere with interferometer control systems or with GW-detection) is reduced, as
well as their implicit contributions to the overall shot noise level. Perhaps more signifi-
cantly, since exit-port losses would be reduced, the degradation of power buildup in the
arms caused by mirror imperfections is less severe. Furthermore, the power returned
(“recycled”) to the interferometer arms may be re-combined with the resonant light that
has remained there, thus increasing the total amount of power available for the creation of
GW-sidebands. This re-injection of “noise power” into the arms to increase the amount of
power available for signal detection is known as “Wavefront Healing”, and this process is
predicted to be a significant benefit of Dual Recycling interferometers [26].

Given the potential importance of Dual Recycling as a configuration for Advanced-
LIGO interferometers, we have studied the performance of a Dual-Recycled interferome-
ter with optics possessing realistic deformations. The focus has been to evaluate the vari-
ous claims made by proponents of Dual Recycling, such as:

• Can frequency responses that are significantly tuned and/or narrowbanded be achieved
with a Dual Recycling interferometer possessing realistically imperfect optics?

• How much does Dual Recycling improve signal-to-noise ratios and the overall GW-
sensitivity curve of a LIGO interferometer?

• Is Dual Recycling really more tolerant of mirror imperfections than the Initial-LIGO
configuration?

• Does “Wavefront Healing” exist, as predicted? How significant is it?

The results of this research, as will be shown in Chapter 4, are somewhat mixed: the
desired sensitivity curves of Dual Recycling are indeed obtainable, but increased tolerance
to mirror imperfections (and Wavefront Healing) is often less pronounced than hoped for,
and it is only achieved when one is very careful about the design of interferometer optical
parameters.
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Chapter 2

A technical exposition of the
interferometer simulation program

2.1 The physical systems to be modelled

2.1.1 Capabilities and assumptions of the model

We begin this chapter with an introduction to the range of physical properties that are
modelled in this interferometer simulation initiative. Since a more faithful representation
of the relevant physics will lead to a more accurate and predictive model, we have
attempted to include as much realism as possible, while also retaining computational fea-
sibility.

First, we note the variety of optical imperfections or features that can be modelled for
each interferometer mirror. This list includes tilts, shifts, and mirror surface curvatures
(used for modelling beam mismatch), and finite mirror sizes bounded by (fully absorbing)
apertures. Also included are two-dimensional maps of both figure deformations and reflec-
tion/transmission amplitude variations, and separate maps are used for the independent
operations of reflection (from either side of the mirror) and transmission. Pure losses are
also included, representing power absorption and scattering at angles too high to be mod-
elled given our grid resolution (and also too high to be retained by an interferometer with
finite-aperture optics). For almost all mirrors, the coefficients of reflection, transmission,
and loss can be specified independently for the (usually two) different sides of the mirror.
The mirrors can be modelled with nonzero thicknesses and specifiable index of refraction,
including the beamsplitter, which is at 45˚ with respect to the incident beams and thus
applies lateral shifts to the beams which it transmits. Lastly, the intracavity distances and
beam frequencies are handled very carefully in the program, so that beam focusing in all
mirrors and during propagations, as well as all phase shifts (whether due to long-distance
propagation, frequency differences between beams, or different round-trip phase shifts for
different spatial beam modes) are handled in a physically correct and consistent fashion.

The laser beams themselves will be highly collimated, and it is therefore possible to
consider the (folded) interferometer as apseudo-one-dimensional system defined along a
given propagation axis, where data for the electromagnetic fields (and mirrors) can be
stored as 2-D slices sampled at various positions along the propagation axis, using two-
dimensional grids. The physics of grid-based modelling will be discussed at length in Sec.
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2.3; here we note that the information recorded about the propagating fields will be their
electric field components (with the magnetic fields thus determined since the propagation
is in vacuum), without polarization information, so that birefringence effects of the optics,
for example, are not modelled.

Our simulation program models astatic interferometer, one that is considered to be
locked to the proper operating point by LIGO’s tilt and displacement control systems. The
output of our model will therefore be thesteady-state electric fields that relax at various
locations in the stationary interferometer. The problem of modelling dynamic interferome-
ter performance during resonance acquisition and lock has been done to a limited degree
within the LIGO Project [27, 28], but always for perfect or near-perfect mirrors, never for
cases with spatially-complex mirror deformations. The more difficult problem of model-
ling dynamic performancewith realistically imperfect optics would be very computation-
ally intensive, because of the need for detailed temporal (as well as spatial) resolution, but
it may turn out to be a feasible and valuable project for LIGO in the future.

The effect of a gravitational wave upon the interferometer laser fields, which generates
the GW-signal, can also be computed from the static interferometer model. In the case of
the Initial-LIGO configuration, analytical calculations based upon the steady-state power
buildup in the arms is sufficient for accurately calculating the response as a function of
GW-frequency; and in the Dual Recycling model, where analytical calculation is inaccu-
rate because the GW-induced signal sidebands are stored for long periods of time in cavi-
ties with imperfect optics (i.e., in the SRC and in the Fabry-Perot arms), the steady-state
behavior of the GW-induced sideband ateach GW-frequency of interest is individually
modelled, so that the frequency response can be traced with any desired number of points.
In either case, modelling a dynamic interferometer that oscillates with a GW is unneces-
sary; and though some dynamic simulations (with geometrical mirror deformations only,
and without Fabry-Perot cavities in the Michelson arms) have been carried out in the liter-
ature [29, 30], we have chosen to use a static model because it takes far less time computa-
tionally (thus allowing us to explore a larger variety of runs), because the effects of steady-
state field convergence need not be disentangled from GW-induced dynamic behavior, and
because we can consider very small GW-amplitudes without having to relax the laser
fields to correspondingly higher accuracy1. On the other hand, the principal drawbacks to
a steady-state simulation are that we are unable to model the detector response for tempo-
rally complex gravitational waveforms, or the effects of dynamic noise sources, such as
laser frequency- or amplitude-noise, unless they are specifically recast in a static form
(such as by modelling them as noise sidebands imposed upon the carrier beam).

Finally, we note that although our program does not model a dynamic interferometer,
it does perform adynamic optimization of many interferometer parameters as the steady-

1.  This is because we can assume arbitrary amplitudes for the GW-sidebands that are modelled,
and apply the true GW-amplitude,h, to the results after the run has ended.
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state fields are relaxed, so that the final result is an interferometer which is fully-optimized
for GW-detection. The prototypical example of such an optimization task arelength
adjustments to obtain the proper resonance conditions for each of the interferometer cavi-
ties, a process which depends upon the exact nature of the steady-state cavity fields. This
optimization task, as well as several others, will be the subject of Section 2.5. These opti-
mizations are not done in the same way that they would be done in a real LIGO interfer-
ometer, since there are more convenient optimization techniques available for use in a
simulation program, where any desired physical information is more easily available than
in an experimental system. Our simulation program is therefore simplified by only having
to model the optical components and beam frequencies that are needed for the direct com-
putation of the GW-signal, such as the radio-frequency sidebands for the Initial-LIGO, or
the GW-induced sidebands for the Dual-Recycled LIGO (along with the carrier-frequency
beam for both cases). Other components for the control systems of a real interferometer
can be neglected.

2.1.2 Interferometer specifications

Figure 2.1 is a diagram of the core optical configuration of a complete Initial-LIGO inter-
ferometer — with the additional mirror required for the Advanced-LIGO configuration of
Dual Recycling shown in the dashed box — with components and cavity parameters
labelled according to the scheme that will be used throughout this thesis. Not shown (or
modelled by the simulation program) are the mode cleaning, frequency stabilizing, and
matching optics which prepare the laser light for the interferometer; also not shown or
modelled are the pickoffs, phase modulators, and control systems that will be used in a
real interferometer to read out its operational state. As mentioned above, with the excep-
tion of the radio frequency (RF) sidebands for the Initial-LIGO case, the simulation pro-
gram uses alternative optimization methods.

The mirror denoted byR1, T1 is the Power Recycling Mirror, and the folded cavity
spanningL1 andL2/L3 is called thePower Recycling Cavity (PRC); similarly, the mirror
denoted byR6, T6 is called the Signal Recycling Mirror, with the folded cavity spanning
L6 andL2/L3 comprising theSignal Recycling Cavity (SRC). The PRC and SRC in a Dual
Recycling interferometer are almost entirely decoupled because of the “dark-fringe” that
is experienced in going from one to the other through the beamsplitter, and this decoupling
simplifies the simulation process for Dual Recycling. For both configurations, there are
two Fabry-Perot arm cavities, with theinline arm cavity being comprised of input mirror
R2, T2 and back mirrorR4, and theoffline arm cavity being comprised of input mirrorR3,
T3 and back mirrorR5.

The Dual Recycling configuration which we have investigated in this research is iden-
tical to the Initial-LIGO configuration except for the presence of the Signal Recycling
Mirror, and the absence (for convenience and simplicity of results) of a length asymmetry
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Figure 2.1: Interferometer components and component labels for the core optical
configuration of an Initial- (or Advanced-) LIGO interferometer (not shown to scale).

between the interferometer arms. While the actual application of Dual Recycling in LIGO
would likely come in anenhanced interferometer possessing updated interferometer
parameters (e.g., lower mirror losses, higher input laser power, different Fabry-Perot cav-
ity storage times), and differences in other relevant quantities (e.g., lower levels of thermal
and/or seismic noise), we have opted to keep the interferometer parameters as similar as
possible for these runs, in order to facilitate direct comparisons between the performance
of the Initial and Advanced Configurations, given equivalent optics. A future goal of this
simulation initiative may indeed be the exploration of Dual Recycling with fully-updated
parameters, when accurate values for those parameters can be estimated with confidence.

A summary of values for the interferometer parameters shown in Fig. 2.1 (and other
important quantities) is presented in Table 2.1. These are the main program input values
which are used for all of the data runs to be presented below, barring exceptions that will
be explicitly noted. In addition to physical parameters of the optical components, some
computational parameters used by the simulation program are also included (the pixeliza-
tion of the 2-D grids, etc.), which will be discussed in upcoming sections. Not included in
Table 2.1 is the power of the excitation laser; in general, the powers of all relaxed interfer-
ometer fields are reported by the program as based upon 1 Watt of carrier and/or sideband
power entering at the Power Recycling Mirror. When conversion to “true” power values is
required, we re-scale the results to the estimated LIGO figure of 6 Watts of input power,
divided as necessary (for the Initial-LIGO case) into the carrier and sideband beams.
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Table 2.1:Typical parameter values for a LIGO interferometer, including both physical
specifications and computational parameters. Some parameters are optimized during

program execution, and are thus given only as approximate ranges of values here.

Quantity Value(s)

Laser Wavelength 1.064µm (Nd:YAG light)

Sideband Modulation Frequency νmod ~ -24.0 MHz (Initial-LIGO model only)

Cavity Lengths

L1 = 5.0 m
L2 = 4.19 m + Lasymm

L3 = 4.19 m - Lasymm

Lasymm ~ 9 – 25 cm (Zero for Dual Recycling)
L4 = L5 = 4.0 km
L6 = 5 m (or 2004.19 m)

Mirror Curvature Radii

Rad1 = 10.0 km (9.99 km for Dual Recycling)
Rad2 = Rad3 = 14.56 km
Rad4 = Rad5 = 7.4 km
Rad6 = 14.1 km

Mirror Intensity Reflectivities
(Refl. Side)

R1 ~ .986 – .940; R6 varied from Zero – .99
R2 = R3 = .97
R4 = R5 = .99994
Rbs = .49992

Mirror Intensity Reflectivities
(A.R. Side)

R1, R6 same as Reflective Side
R2 = R3 = .968817
Rbs = .49971

Mirror Intensity Transmissions
(Both Sides)

( )

T1 ~ .01385 – .06095; T6 = 1 - R6- 50 ppm loss
T2 = T3 = .02995
Tbs = .50003

Beam Waist Diameter 7.02 cm

Mirror Aperture Diameters
24 cm (Circular Profile Mirrors),

24.4 x 17.2 cm (Beamsplitter at 45
with respect to the Beam Axis)

Mirror Thicknesses
(Perpendicular to Surface)

Beamsplitter = 4 cm
All Others = 10 cm

Substrate Refraction Index n = 1.44963

Calculational Window Size 70 cm x 70 cm (Square)

Gridding of Calculational Window 256 x 256 pixels

Max # of field relaxation steps; allowed errors4000 iterations / 1 part in 10-4-10-5 (varies)

Pure Loss 1 R– T–≡

°
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Since the program models the transverse spatial structure of the Gaussian-profile laser
beams and the focusing properties of the mirrors, the simulated laser beam must be cor-
rectly mode-matched into the interferometer, or power will be scattered from the TEM00
mode into higher Hermite-Gaussian modes (TEM20 and TEM02). The spot sizes and cur-
vature radii of the beam everywhere in the interferometer can be fixed uniquely by speci-
fying two beam parameters anywhere in the system; the two parameters used by the
program are thebeam spot size andcurvature radius inside the inline Fabry-Perot arm
cavity, next to its input mirror,M2. The simulation program does not implement any form
of automatic mode-matching to set these parameters, because the practical considerations
for mode-matching in LIGO are complex (e.g., the nonzero length asymmetry leads to dif-
ferent curvature radii forM2 andM3, but same-curvature mirrors are easier to fabricate, so
that mismatch for both arms must somehow be balanced). But a preliminary routine is
implemented in the code which computes the focusing effects of finite-thickness mirrors,
non-unity index of refraction, and free space propagations, and reports them before the
electric field relaxations are done, so that a program user can perform trial-and-error
searches for the two beam parameters which create the best match. For the data in Table
2.1, the best matching parameters we found were a spot size of 3.63 cm and a curvature
radius of 14.56 km, atM2.

The principal output of the simulation program, given all of the physical specifications
and input data, are the relaxed steady-state electric fields which build up in the interferom-
eter cavities. These fields are written out to data files for graphical and modal analysis, and
it is possible to write out the steady-state fields at any interferometer location of interest.
Figure 2.2, which concludes this section, shows the locations (and propagation directions)
of the electric fields (carrier, RF-sideband, and/or GW-sideband fields) which we choose
to generate in a typical run.

2.2 Computational specifications and facilities for
program execution

The LIGO simulation program has been written in the SPARCcompiler version 3.0 of For-
tran 77, and the local platforms for our runs are Sun SPARCstation 5 and 20 workstations.
All variables are kept to double-precision. A complete simulation run for an Initial-LIGO
interferometer (including carrier and sideband frequencies, with all interferometer fields
computed and all optimizations done) with a set of non-ideal mirrors, and with a pixeliza-
tion of 128x128 for the grids representing the electric fields and mirror maps, takes some-
what less than a day on a 2-processor SPARCstation 20. The run time varies depending
upon the seriousness of the interferometer imperfections being studied, the number of
parameters that are optimized during run-time, and the closeness of our initial guesses of
these adjustable parameters to their final, optimized values.
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Figure 2.2:The steady-state electric fields computed by the LIGO simulation program.

While this achievement represents rapid execution times for simulations of full-LIGO
interferometers with complex optical deformations, the necessity of going to 256x256
grids (Sec. 2.3.4.2), and the importance in Dual Recycling of modelling the GW-induced-
sidebands for a large number of GW-frequencies (to obtain a frequency-response curve)
requires a significant computational speed-up, especially if a large selection of runs are to
be performed.

To that end, in collaboration with personnel of the Center for Advanced Computing
Research (CACR) at the California Institute of Technology1 we have converted the simu-
lation code to parallel format for execution on the Paragon machineTrex, a 512 compute-
node machine utilizing Intel i860 processors in each node. With Trex, we have achieved
(using an appropriate number of parallel nodes) overall speedup factors of ~22 compared
to the SPARCstation 20. The runs that will be presented in this paper have been performed
on this parallel platform.

The number of parallel nodes to be used for a given simulation run depends upon the
size of the simulation grids. Using more nodes means each node handles a smaller block
of pixels, but it also creates more overhead in the form of message-passing between nodes.
There is an optimum number beyond which the use of additional nodes has little effect on

1.  Special thanks to Thanh Phung and Heidi Lorenz-Wirzba.
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speedup, yet still increases the amount of node-hours (nodes used x run time) expended
from LIGO’s CACR account allotment. Table 2.2 shows the effect of varying the number
of nodes for a sample 256x256 grid run, and demonstrates why the majority of our runs
with 256x256 grids are performed with a compromise value of 64 nodes.

Table 2.2:Program run times versus number of parallel nodes used, for 256x256 grids.

2.3 The physics of grid-based modelling

This section includes many of the details and subtleties of modelling the physics of a
LIGO interferometer on discrete, finite grids. Although it is a crucial component of the
research that is presented in this thesis, it is possible to understand the results of our mod-
elling initiative (particularly chapters 3 and 4) without the details presented in this section.
A possible exception is Sec. 2.3.3.4, “Implementation of real-mirror measurement data”,
which may be of more general interest since it specifies the mirror maps used for our runs.

2.3.1 Modelling laser beams with two-dimensional grids

As mentioned in Sec. 2.1.1, we use a pseudo-two-dimensional approach for the modelling
of the laser field wavefronts in the interferometer. A primary propagation direction is taken
for the (collimated) beam in each part of the interferometer, and a transverse slice of the
propagating electromagnetic fields can be taken normal to the beam propagation axis, any-
where along the axis at an interferometer location of interest. Each of these slices is
recorded on a two-dimensional grid, with a pixel entry representing the complex field
amplitude at that transverse spatial position in the slice. No polarization vector informa-
tion is recorded in our model, and the program utilizes scalar-wave theory, in particular the
scalar Huygens-Fresnel integral formulation [17] for propagation. Onlyelectric fields (e-
fields) are computed and manipulated by the program, as the magnetic fields are assumed
known, since the beam propagations occur in vacuum. Figure 2.3 is an example of such a
grid-based electric field, in particular the real part of a Hermite-Gaussian TEM10 mode.

# of Trex nodes Run Time (sec)
Run Time

(re-normalized)
Allocation Time

(nodes x time, re-normed)

32 7854 1.0 1.0

64 5021 .64 1.28

128 3835 .49 1.95
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Figure 2.3:A transverse slice of a Hermite-Gaussian TEM10 mode (the real part is
shown), taken at the waist plane of the beam, and recorded on a 64x64 pixelized grid.

An e-field slice taken at any interferometer location typically represents the superposi-
tion of all e-fields passing through that plane (i.e., the initial (excitation) field plus all
reflections returning from other parts of the interferometer), so that a steady-state field
summed from many bounces can be recorded upon a single 2-D grid. The summed e-field
can thus be treated (for propagations and mirror interactions) as a single unit. Each e-field
in the sum must be travelling in the same direction, however; if the counter-propagating
field at the same interferometer location is desired, it must be recorded on a separate grid.

The realism and precision which can be achieved by the program ultimately depends
upon how effectively it simulates the two basic physical processes that must be performed
on the interferometer e-fields:propagations and interactions with mirrors. We discuss
propagations first.

2.3.2 The Paraxial Approximation and FFT-based propagation

For each curved, potentially jagged mirror profile, we define a flat plane in the region of
that optic to serve as a reference plane1. Propagations translate an e-field slice through the
macroscopically large distance from an initial reference plane to a destination reference
plane, where either plane may be at a mirror location, or at an arbitrary position along the
beam axis.

The LIGO interferometers will be excited by laser light that very well satisfies the
Paraxial Approximation. A simple and intuitive statement of this approximation is that
nearly all of the power propagating in the beam will be directed within a cone of half-
angleθ about the main propagation axis, such that  is valid.

It is shown by Siegman [17] that once the paraxial (i.e., Fresnel) approximation is sat-
isfied, plane-to-plane propagation of light can be performed via a three-step process

1.  Each mirror in fact has 2 reference planes, one on either side, separated by transmission through
the optic.

θcos 1 θ2
2⁄–≈
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involving two (2-D) Fourier transforms, sandwiched around a pixel-by-pixel multiplica-
tion step in spatial-frequency-space (“k-space”) of the e-field slice with a propagation
operator matrix of the same dimensions. The computationally intensive steps in this prop-
agation process are the forward and backward Fourier Transforms, which can be deci-
mated by a Fast Fourier Transform (FFT) routine [e.g., 31]. The net result is an accurate
and computationally efficient method for propagating the e-fields from one location to
another in the simulated interferometer.

The propagation process, in detail, is as follows:

Step 1: At the initial plane, defined as z=0, perform an inverse Fourier transform of the
electric field  into the spatial frequency domain:

(2.1)

Step 2: For each pixel in the spatial frequency domain (representing a single “plane
wave” component of the original Gaussian beam), multiply by the appropriate phase factor
representing a propagation to the far plane at distance z=L:

(2.2)

Step 3: Finally, perform a forward Fourier transform to obtain the new position-space
(“x-space”) electric field on the destination plane, :

(2.3)

where  is the wavelength of the propagating light, and .

The combination of these 3 steps (two transforms and a pixel-by-pixel multiplication
of matrices) will be referred to as a “propagation”. The integrals shown above are imple-
mented in the simulation program as summations over the discrete grids, with an appropri-
ate normalization factor for the 2-D sums [31]. Note that the use of FFT’s requires us to
set the number of pixels on a side of the (square) grids to be 2N, for some integer N.
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2.3.3 Interactions with spatially-complex mirrors

2.3.3.1 The physical representation of mirror maps

The interferometer simulation program must carry out two distinct mirror interaction
operations:reflections (r) andtransmissions (t). Mirrors will not be perfectly uniform or
flat with respect to planes transverse to the beam; they will have inhomogeneities in the
refraction index and/or thickness of their substrates, spatially-varying surface height pro-
files, variations in the quality of their reflective coatings, significant curvatures, tilts, etc.
This leads to optical path length variations (i.e., a spatially-varyingphase delay) across
their profiles, as well as variations in theamplitudes of r and t, the latter mostly due to
variations in their reflective side or anti-reflective (A.R.) side coatings.

These phase and amplitude effects are simulated by creating complex mirror maps for
all r and t operators, which are recorded (as the e-fields are) on 2-D pixelized grids. To
make an e-field interact with one of these mirrors, it is first necessary to propagate that e-
field, via the process described in the previous section, to a reference plane that is very
close to the surface of the relevant mirror; one then is able to use ashort distance algo-
rithm to send the e-field from the reference plane to the (possibly irregular) reflective sur-
face of the mirror, and then back again to the starting plane (or through the mirror to the
reference plane on the other side, if it is for transmission rather than reflection).

As shown by Vinet,et al. [22], a very good short distance approximation to the exact
(Huygens) integral calculation is to treat each pixel of the beam (in position-space) as an
independent little plane wave segment, and to reflect (or transmit) that piece of the e-field
by multiplying that pixel in the e-field map by the corresponding pixel in the (r or t) mirror
map, so that each e-field pixel interacts only with the mirror pixel located immediately in
front of it. Thus each mirror reflection or transmission operation is reduced to a single
pixel-by-pixel multiplication step (performed for each pixel in the 2-D grids) between a
beam slice and a mirror operator map, a simple and computationally fast procedure.

To ascertain the mathematical form of the mirror map pixels, a mirror can be visual-
ized as a surface of nonuniform deviation from a flat plane1, with a “height function”,
H(x,y), defined on the 2-D grid. An e-field pixel with laser wavenumber  would
pick up a phase of:

(2.4)

in a plane <—> mirror round-trip reflection2, where we use the convention that a beam
travelling a (shorter)positive distance picks up (less)negative phase. Note that reflections
from the two different sides of a mirror are distinct and non-identical operations, which

1.  Not all phase delays come from physical height variations, but this conceptualization is general-
izable to other sources of mirror phase variations.
2.  We use a similar formulation, without the round-trip factor of 2, for transmission operations.

k 2π λ⁄=

ΦR.T. x y,( ) 2– k H– x y,( )[ ]××=
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differ by more than just a sign flip of the phase delay due to the height function, if the mir-
ror has a nontrivial transmission map.

With the addition of an amplitude factor,a, which will equal the reflection or transmis-
sion coefficient of the mirror (and which is allowed to vary across the mirror profile), the
spatial mirror map is defined in the plane transverse to the beam (z-)axis as follows:

(2.5)

Naturally, there are limitations to the mirror structure that can be represented with
maps of these kind. These limitations, to be discussed in Sec. 2.3.4.1, generally occur
when the laser wavelength is not significantly larger than the pixel-to-pixel height varia-
tions which one wishes to study. Nevertheless, this “independent little plane wave seg-
ment” formulation can be accurately used as a short distance approximation for
interactions that extend over macroscopic distances, such as transmission through ~10 cm
thick mirrors. The justification for this approach can be heuristically understood by con-
sidering the distance that a little beam with a waist that isthe size of a (half) pixel would
be able to travel before spreading out significantly onto its neighboring pixels1:

(2.6)

(2.7)

Since the Rayleigh Range, which is the distance a beam must propagate before spread-
ing out to  times its waist size [17], is much bigger than the size of any mirror interac-
tion region (even for the beamsplitter, a more complicated case to be discussed in Sec
2.3.3.3), the independent-pixel treatment of reflections and transmissions remains valid. In
other words, even though an e-field pixel travels a distance equal tomany wavelengths of
light during propagation through a mirror, it does not experience any significant mixing
with any other e-field pixels around it, and for this reason, representing mirror interactions
via pixel-by-pixel multiplications of field maps with mirror maps is a very good approxi-
mation to the full 3-D physical process.

To sum up, we note that we can use these phase and amplitude maps to model a wide
variety of mirror structure and/or imperfections, including — but not necessarily limited
to — mirror tilts, various mirror curvatures or curvature distortions, finite apertures (Sec.
2.3.3.3), reflection and transmission maps taken from real, measured mirrors, or any spec-
ified mirror distortion function (e.g., Zernike polynomial distortions [32]) or surface
roughness pattern which is desired.

1.  This requirement is equivalent to the one given by Tridgell,et al. [29], in which a mirror profile
must be in the “near field” for beam propagation angles supported by the grids (Sec. 2.3.4.2).
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2.3.3.2 Enumeration of mirror maps and the conservation of energy

An important question which arises is how many mirror interaction maps will be needed to
specify an entire mirror, for reflections and transmissions, from both sides. These maps
will not be mutually independent, and in order to avoid simulations of an overdetermined
and/or unphysical optic, one must account for the total information expressed by interac-
tions with a mirror, as well as physical symmetries and overall energy conservation.

First, note that a 2-port mirror (reflective and A.R. sides) must relate 2 complex input
e-fields to 2 complex output e-fields. Thus 4 complex (or 8 real) elements are needed, at
each pixel location in the mirror grid map, to specify that pixel of mirror completely.
These 4 complex elements correspond to the complex reflection and transmission opera-
tions performed from either side of the mirror. By time- or path-reversal symmetry — and
by our assumption that each pixel of the beam expands negligibly during traversal of the
mirror, so that the same small cross-section of mirror is sampled by a given beam pixel for
transmission in either direction — the two transmission operations from either side must
be the same: . The mirror description is thus reduced to 3 complex ele-
ments per pixel, i.e., 3 complex mirror maps: the transmission mapt, and reflection maps
from either side,rrefl., andrA.R.

1.

Next, these maps must be specified carefully so that they conserve energy for all possi-
ble e-fields which may be incident upon them. We therefore have the necessary conditions
(for each mirror pixel):

(2.8)

(2.9)

whereArefl., AA.R. are the losses2 experienced from either side (having  would repre-
sentgain, which we do not allow). But these conditions alone are not sufficient. Consider
the complete e-fields which exist on either side of the mirror, both before and after the
interaction (i.e., the incoming e-fields versus the outgoing ones):

1.  The beamsplitter, which is a 4-port mirror, ends up requiring 4 complex mirror maps:rrefl.,
rA.R., andtwo distinct transmission maps: one for the inline path, and one for the offline path.
Also, for mirrors which need only be represented as 1-sided (e.g., the Fabry-Perot cavity back mir-
rors, which only encounter e-fields from the interferometer side), all A.R.-side and transmission
information is neglected.
2.  These loss coefficients may include contributions from several sources, such as absorption in
reflective coatings and mirror substrates, as well as large-angle scattered power. Note that these
coefficients only represent the actual power loss experienced by an e-field entering a given side of
the mirror in theabsence of interference effects, i.e., no if e-field is entering from the other side.
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(2.10)

(2.11)

By requiring that the total power in all e-fieldsdoes not increase due to the mirror interac-
tion, we obtain the inequality:

(2.12)

The last term in this formula representsinterference between the incoming e-fields from
opposite sides of the mirror, and this interference term (which affects the amount of over-
all loss) must not be allowed to violate energy conservation.

To interpret Eq. 2.12, we first consider the simplest case: a loss-free mirror, withArefl.
= AA.R. = 0, and . Then, by constraining the mirror to sat-
isfy energy conservation forany incoming e-fields, we must have the strict equality,

, and hence:

(2.13)

Assuming the transmission coefficient,t, to be real, Eq. 2.13 generates the familiar possi-
bilities for the signs (or complex phases) of the reflectivities on either side of a mirror:

, , etc.

So far, this is simply equivalent to the relations derived by Stokes, by considering
time-reversibility for the reflection of a light ray from a (single-layer, lossless) interface
[33]. Extending our considerations to the more general case of a lossy mirror, we can con-
vert Eq. 2.12 into a usable prescription by varying the relative phases and amplitudes of
the two input fields,  and , in order to generate thestrictest possible energy
conservation condition; this condition becomes, after a little algebra1:

(2.14)

1.  A similar energy-conservation condition can be derived for the 4-port beamsplitter.
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This inequality is the most general condition that must be satisfied (at every pixel loca-
tion) to guarantee conservation of energy in a mirror, given any e-fields which might be
incident upon it. Our simulation program tests every mirror for this condition, and aborts
the run if it is violated anywhere due to an unphysical combination of program input
parameters and/or mirror deformation maps.

Now consider a mirror that isnearly lossless, such as a high-quality LIGO optic. In
this case, Eq. 2.13 will be approximately true, and by using  (true since both
of ), one can extract the following phase condition:

(2.15)

Plugging this formula into the general energy conservation equation, Eq. 2.14, one obtains
the somewhat more intuitive result:

(2.16)

This formula merely states that  and  cannot differ by very much — i.e., there
cannot be much more loss on reflection from one side of the mirror than from the other
side, such as the difference due to diversion of power by an A.R. side beam pickoff —
unless the amount of loss common to both sides is high, or unless the overall transmission,
t, is reduced.

In practice, the approximation specified by Eq. 2.15 is more than just a restriction
upon the relationship between the phase maps for transmission and reflection from either
side of the mirror. In fact, it can be used (if treated as a precise equality) toderive the
remaining phase map, if two of the three are previously specified. We use this feature
(available as a program option) often in our simulation work, since mirror losses are
always small, in order to specify a complete mirror with only two input mirror maps: a
“surface” and a “substrate” map.

2.3.3.3 Finite apertures and realistic-beamsplitter modelling

Another important aspect of constructing maps for the interferometer mirrors is the speci-
fication of theirfinite apertures. This is necessary because the mirrors are not infinitely
large compared to the laser beam spot sizes, so that there is non-negligible diffractive loss
past the mirror edges.

The simulation program thus multiplies the mirror function,M(x,y) (c.f. Eq. 2.5), by a
spatially-varying aperture function,A(x,y). This function may either be graded or hard-
edged, as desired (though Eq. 2.14 must always remain valid for all pixels, for energy con-
servation). For simplicity, in our runs we have implemented hard cutoffs, as follows:

r refl. rA.R.≈
them 1 t 2–≈

Phase r refl.{ } Phase rA.R.{ }+ π 2 Phaset{ }⋅+≈

r refl. rA.R.–
Arefl. AA.R.⋅

t
---------------------------------≤

r refl. rA.R.



48

(2.17)

whereraper is the radius of the circular aperture for each interferometer mirror. Standard
aperture sizes for Initial-LIGO mirrors have been given in Table 2.1.

In this formulation, the power falling inside the mirror apertures remains unaffected by
them, while 100% of the power falling outside of the apertures is removed from the sys-
tem. Physical effects of this “lost” power, such as absorption-induced mirror heating, or
diffracted light that bounces off the beamtubes and chances to return to the system (thus
producing phase noise), are not currently modelled by the simulation program.

The beamsplitter, which will be a right-circular cylinder [34] tilted at 45˚ with respect
to the propagating laser beams, will present an elliptical aperture to the e-fields rather than
a circular one. The simulation program therefore allows independent specification of the
major and minor axes of the elliptical beamsplitter aperture, where the short axis is in the
plane of the interferometer (i.e., the plane within which the beamsplitter is tilted), and the
long axis is out of the interferometer plane. The short axis of the beamsplitter is foreshort-
ened by  compared to the circular diameter of the beamsplitter (at normal incidence),
while the long axis is the same size as the circular diameter.

Because of the foreshortening of the beamsplitter in the plane of the interferometer,
clipping of the beam by the reduced aperture is a significant concern, especially if there
are position errors along the direction of the beamsplitter’s short axis; in fact, the simula-
tion program has been used as a tool to examine such effects [35]. Losses due to beam-
splitter clipping are limited not only by keeping position errors low (~few mm), and by
making a beamsplitter with a somewhat larger circular diameter than the other mirrors (see
Table 2.1), but also by the predicted tendency (which we have observed in simulations) of
laser fields in a resonant cavity to adapt their profiles to smaller widths, so that the domi-
nant cavity mode is one with smaller diffraction losses [17].

The beamsplitter has an additional, important effect: because the beamsplitter has
, and because it exhibits a non-normal incidence angle for the laser

beams which encounter it, the beams will experience a transverse “jog” when transmitted
through it. Given a (perpendicular) beamsplitter thickness ofTBS, an incidence angle
(from the normal) ofθ, a mirror refraction index ofnmir , and a refraction index outside the
optic of next , a simple geometrical calculation using Snell’s Law [33] shows that this
transverse jog will be:

(2.18)

Note that∆jog is not defined as theabsolute transverse beam displacement in space, but
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rather it is the displacement of a beam from the center of the output face of the optic,
assuming that in went in through the center of the input face of the optic. This definition is
the appropriate one, since it reflects displacement with respect to the mirror-centered aper-
tures.

Usingθ = 45˚, andnext = nvacuum = 1, Eq. 2.18 simplifies to:

(2.19)

For the beamsplitter parameters shown in Table 2.1, this represents a (significant) jog of
1.8 cm.

When encountering either the reflective or A.R. side of the beamsplitter, the beam is
multiplied (trimmed) by an aperture function. But because of the transverse jogs, each
encountered aperture is shifted from the other one(s). Thus the net aperture acting on a
beam cuts out all of the power that does not surviveevery aperture in the path.

Figure 2.4 shows the apertures (and the net aperture) for beams traversing the different
paths through the beamsplitter. Note that the two interfering beams emerging from any
output port of the beamsplitter will have experienced different net apertures, so that con-
structive or destructive interference between them will not be perfect. In particular, the
dark fringe at the beamsplitter exit port (i.e., destructive interference between offline trans-
mission and A.R.-side reflection) cannot be perfectly cancelled out to zero power. This
effect, which happens (fortunately) to be relatively small, will be demonstrated in Sec. 3.3.

∆jog

TBS

4nmir 2–
---------------------------=
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Figure 2.4:Different beam paths through the beamsplitter are shown in the left column,
with their corresponding aperture contributions shown in the right column. The reflective
surface of the beamsplitter is oriented to the left, facing the Power Recycling Mirror. The

shaded areas are the net apertures for each case. The cases are: (a) reflective-side
reflection, (b) A.R.-side reflection, (c) inline transmission, and, (d) offline transmission.

(a)

(b)

(c)

(d)
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2.3.3.4 Implementation of real-mirror measurement data

One may divide complex mirror deformations up into two regimes: small spatial scale
(“high spatial frequency”) deformations, and large spatial scale (“low spatial frequency”)
deformations. The former regime of deformations tends to scatter power completely out of
the interferometric detector, while the latter regime scatters power into high spatial modes
that remain in the system, corrupting the resonating fields.

In the Fabry-Perot arm cavities (where the laser power is highest, and deformations are
most significant), the boundary between the regimes is defined by a scattering angle of:

(2.20)

This scattering angle is associated with a spatial length scale given by:

(2.21)

Since the pixel size in a typical run (c.f. Eq. 2.6) is 2.7 mm < 9 mm, the program grids
have sufficient resolution to be used for detailed simulations of deformations in the low
spatial frequency regime, and their effects upon the interferometer electric fields. The
effects of significantly finer-scale deformations, on the other hand, must be dealt with as
pure losses assigned to the mirrors — using “best guess” loss coefficients obtained from
industrial mirror measurements — which is a good approximation for what actually hap-
pens to the large-angle scattered power, since it is completely lost from the system, barring
significant back-scattering from baffles in the LIGO beamtubes.

We have obtained two measurements of low spatial frequency deformations in real
optical components, in order to evaluate the behavior of a LIGO interferometer in the pres-
ence of realistic mirror deformations. The first one, obtained by LIGO from Hughes-Dan-
bury Optical Systems, is a phase map of the reflection from the polished surface of the
“Calflat” reference flat mirror that was used by the AXAF program [e.g., 36] for calibra-
tion of the extremely smooth, high-resolution conical mirrors of their x-ray telescope. The
second one is a transmission phase map of a trial LIGO mirror substrate obtained from
Corning. Both of these measurements were of uncoated, fused-silica substrates. Though
initial studies are being done in LIGO of mirrors with a few layers of dielectric material
(SiO2 and Ta2O5) to be used for reflectivity and A.R. coatings [37], we do not currently
have measurement maps of fully-coated mirrors available to us for study.

Since our resources of near-LIGO-quality mirror measurements were limited to one
surface reflection map and one substrate transmission map, we proceeded to extend each
of these maps into an array of many maps, in order to be able to place deformed surface
and substrate maps on all of the interferometer mirrors simultaneously. With the help of
former LIGO scientist Yaron Hefetz, a three-step process was used for the creation of

θ Mirror diameter
Arm Length

--------------------------------------≈ 24 cm
4 km
--------------- 60 µrad= =

∆x
λ
2θ
------∼ 9 mm≈
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these new maps: (i) the surface (or substrate) source map was Fourier transformed into
spatial-frequency space (“k-space”), (ii) the phases of the Fourier components were all
randomized, and, (iii) an inverse Fourier transform was performed, which creates a new
mirror with randomized features1 but with the same power spectrum of deformations as
the initial map. This process was performed many times, to create 15 new (128 x 128
pixel, 35 x 35 cm) surface maps out of the initial Calflat map, and 7 new substrate maps
out of the initial Corning map. Several runs with various groupings of these mirrors have
demonstrated to us that different members of a family of randomized mirrors have (as
expected) very similar characteristics to one another in terms of their effects upon interfer-
ometer performance, and that swapping one for another has little effect upon the output
results of the simulation program.

Mirror maps for the beamsplitter had to be specially developed. The beamsplitter can
actually be modelled as a “flat” optic oriented perpendicular to the beam propagation axis
(see Eq. 2.7 and subsequent discussion), as long as the deformation maps account for the
perspective effect of the beamsplitter’s 45˚ tilt angle with respect to its incident beams.
This was done by squeezing them laterally by a factor of  in the appropriate transverse
direction, and then by multiplying them by constant scalar factors in order to account for
the altered optical path length for the reflection and transmission beam paths. For reflec-
tions, geometric considerations cause the surface to appear “smoother” by a factor of ,
while the adjustment factor for the beamsplitter transmission operator depends (via Snell’s
Law) upon the chosen substrate thickness and the index of refraction at the specified laser
wavelength. The detailed computation of this (and all) mirror transmission optical path
lengths are performed during program execution.

Next, to prepare these mirror maps for use in the simulation program, they had to be
adapted to acceptable grid parameters. From the gridding requirements that will be
derived in Sec. 2.3.4.2, an appropriate gridding scheme, given the parameters of the Gaus-
sian laser beams, would be (at least) 128 x 128 pixels covering a 70 cm x 70 cm square
calculational window2. But since the deformed mirror maps that we originally prepared
for use were of the form 128 x 128 pixels over a 35 cm x 35 cm window, rather than lose
fine mirror detail we chose to extend these maps to 256 x 256 pixels covering a 70 cm x 70
cm window by padding the mirror map edges with zeroes (all beyond the mirror aper-
tures), in order to bring them up to the full grid size. We note that the generated surface
deformation maps (as was the original map provided to us) are just about equal in size to
the physical extent of the apertured mirrors; outside of the area with data we have filled the
maps with a flat border region. The substrate maps, however, are slightly smaller than the

1.  The process used here obviously does not preservecoherent structures in the deformation maps
(spikes, excess mirror curvature, etc.), that could be important (and possibly systematic) side-
effects of the mirror-making process. Concerns about such coherent structures are dealt with on an
independent basis, by performing additional runs with such defects added in separately.
2.  Note that the calculational window must actually be significantly larger than the diameters of the
interferometer mirrors; the reason for this is made clear in Sections 2.3.4.2 and 2.3.4.3.

2

2
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mirror apertures, but we have extended the area of useful substrate information as much as
possible (via repositioning of data), in order to cover a little more of the mirror edges. In
any case, full precision in the outer mirror regions is relatively unimportant because of the
exponential fall-off in power far away from the center of the Gaussian-profile laser beams.

In a real LIGO interferometer, there will be an auto-alignment control system [38] that
holds each of the mirrors in alignment with respect to the cavity laser fields to a very high
degree of accuracy (typically  [39]). Therefore, it is a useful procedure to
remove theinherent tilts from each of the constructed mirror maps, so that it is possible to
either perform a run with no mirror tilts at all (i.e., perfect auto-alignment), or with pre-
cisely-known tilts that are specified independently as input data, rather than simulating the
system with the haphazard (and perhaps unmeasured) tilts present in the maps that have
been created via Fourier component randomization. To that end, we have written a small
Fortran program with which one can remove the tilts from all of these mirror maps as a
pre-processing step, before they are used as input for the simulation program. This tilt-
removal algorithm, outlined in Appendix C, uses Gaussian-profile beams to remove the
beam-weighted tilts from each map, so that the LIGO laser beams will not suffer any
effects of mirror tilt (i.e., generation of TEM10 or TEM01 mode power) while resonating in
the interferometer. Thus even if a mirror wouldappear to have an overall tilt, if a straight
average were performed (including the less important outlying areas of the mirror), a
Gaussian-profile beam centered on the mirror would experience a surface that is as flat as
possible given the presence of deformations in the mirror. Using our tilt-removal program,
we have created an entire set of tilt-free surface and substrate1 maps for use in the full sim-
ulation program.

As a final step, it was necessary to create several families of surface maps with differ-
ent levels of deformations, in order to help the LIGO Project evaluate a range of mirror
polishing specifications for the procurement of the core optics, as well as to make room for
the effects of mirrorcoating deformations, which are not yet reliably estimated and may
be significantly worse than the polished surface deformations. To accomplish this, the
Calflat-derived surface maps (with deformation “heights” defined in meters) were uni-
formly multiplied by scale factors to generate the new families. The original family of sur-
faces, which possess root-mean-square (rms) deformations of ~.6 nm when sampled over
regions of radius 4 cm, is labelled “λ/1800” (with ); the scaled-up
families areλ/1200,λ/800, andλ/400. In contrast, the mirror substrate maps, which are
likely to represent the best quality of fused silica substrates that will be obtainable for the
first-generation LIGO interferometers [40], possess rms deformations of ~1.2 nm when
sampled over regions of 4 cm radius, and were not renormalized; all of our deformed-sub-

1.  For modelling purposes, “tilts” can also be removed from mirrorsubstrate deformation maps,
since those tilts really represent mirror thickness wedges, and the primary effect of these exceed-
ingly small wedges is merely to alter the reference axes of the various cavities; this will have negli-
gible effects because of automatic mirror angular alignment in LIGO interferometers.

θ 10
8–

radians<

λ λYAG≡ 1.064µm=



54

strate runs have been done with these “best possible” substrate maps. Note that a direct
comparison of the substrate rms value with that of the surfaces is not meaningful, since the
substrates have less of an impact upon the interferometer electric fields than the surfaces
do, especially in the case of the power which builds up between the reflective surfaces of
the Fabry-Perot arm cavity mirrors. The substrates are therefore less significant in their
effects, except possibly for the radio frequency sideband fields (used for signal detection
in the Initial-LIGO configuration), which are non-resonant in the Fabry-Perot arm cavities
but have significant interactions with mirror substrates in the Power Recycling Cavity,
because of beamsplitter transmissions and reflections from the A.R.-sides of the Fabry-
Perot input mirrors.

An example of aλ/1800 surface map that is used for runs of the simulation program is
shown in Figure 2.5 (with its border region clipped, and with the mirror shown at an angle,
for clarity). The vertical range of deformations in this mirror extends from -2 to +3.5 nanom-
eters, and the map width is such that it approximately covers the 24 cm diameter mirrors.

Figure 2.5:Map of a lambda/1800 mirror surface map with realistic deformations.

2.3.4 Fundamental limitations of discrete, finite grids

As might be expected, there are limitations to the physics that can be modelled in a
grid-based optical simulation program. We break down these restrictions into three
classes: limitations on the detail of the optics, gridding requirements to be met for repre-
senting Gaussian laser beams, and limitations on the information that can be carried by the
finite, discrete grids. The following subsections describe each of these basic limitations.

2.3.4.1 Mirror tilt, curvature, and deformation limitations

Mirror structure is fundamentally represented as phase (and amplitude) maps on 2-D
grids, where the phase part of a mirror map can be thought of being derived from a height
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function, as per Eq. 2.4 and Eq. 2.5, and the related discussion. If the “height difference”
between two neighboring pixels isλ/2, then the phase difference between those two points
on the mirror map for a reflection1 is given by:

(2.22)

As noted in [29], this height difference is unobservable, since  changes by the
phase factore2πi = 1, and in fact any multiple ofλ/2 added to the height difference
between neighboring pixels is completely unmeasurable. It is therefore required that:

(2.23)

must be obeyed from one pixel to the next by any deformation that is represented on the
grids, in order to simulate the real mirror structure with sufficient spatial resolution.

Consider a mirrortilt  deformation. A tilt about one mirror axis, of angleθ, creates a
height difference of  for pixels that have a neighbor-to-neighbor
separation of . Inserting this into Eq. 2.23, we get the condition2:

(2.24)

This tilt value is four orders of magnitude larger than the predicted angle errors for auto-
aligned LIGO mirrors, and therefore this restriction does not place a serious constraint
upon the study of realistic mirror tilts by the simulation program.

Similarly, there are restrictions upon the mirror curvature radii that can be modelled.
The height function for a spherical mirror with curvature radiusCrad can be written as:

(2.25)

The height differential between two neighboring pixels, for separations along the x-direc-
tion, is therefore equal to:

(2.26)

This  is set to be less thanλ/2 where the requirement is strictest — far away from the

1. Reflections give restrictions that are twice as conservative as those given bytransmissions,
because of the round-trip by the beam during reflection from the mirror phase profile.
2.  The beamsplitter’s base 45˚ angle with respect to the inline and offline beam propagation axes is
handled separately (Sec. 2.333, 2.334) so that it does not fall under this tilt restriction; the beam-
splitter, though, may be given additional (small) tilt which does.
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center of the mirror. Choosing “x” to be at the edge of the aperture cutoffs for the interfer-
ometer mirrors with curvature (all have aperture radii of 12 cm), and  to be the inter-
pixel separation of ~2.7 mm, we get the following restriction for mirror curvature radii in
the program:

(2.27)

Like the tilt restriction, this curvature restriction is not troublesome to satisfy for physi-
cally interesting simulation runs.

Lastly, there are limitations on the spatially-fluctuating “realistic deformations” that
can be represented on the grids. This limitation is also not very restrictive, since the rms
fluctuation levels for the (“λ/1800”, etc.) mirror deformation maps that we use are ~10-3-
10-4 times smaller thanλ (and even the peak-to-peak variations are ~few nm), so that there
is no danger of having a height differential ofλ/2 for neighboring pixels.

2.3.4.2 Representing Gaussian beams

In this subsection, we consider the physics that can be represented with discrete, finite
grids, and apply it to Gaussian-profile beams. In the end, the grids must satisfy two
requirements: first, the grid-based e-fields must contain enough physical information to be
realistic representations of the laser beams, and second, they must not introducefalse
information into program calculations to any significant degree. To that end, we will
derive criteria that can be used to evaluate whether or not a given set of grid parameters is
sufficiently well chosen.

We recall the well-known relationship between “position space” (x-space) and
“momentum space” (k-space): large distances in position space represent small frequen-
cies (or frequency differences) in momentum space, and small distances in position space
represent large frequencies in momentum space. The prototypical example [41] is a Gaus-
sian (“minimum uncertainty”) wave packet for light or particles, in which a packet that is
less physically spread out will have a greater momentum dispersion (e.g., strongly-
focused laser beams spread faster), and vice-versa.

For grid-based modelling, this fundamental relationship can be summed up as follows:

Fine x-space sampling <—> High-momentum k-space information

Large x-space window <—> Fine k-space sampling

Because the Fourier transform based beam propagations (Sec. 2.3.2) move the laser
fields back and forth between position and momentum space, the simulation grids must
allow for a large enough range (“window”)and for sufficiently fine sampling in both x-
space and in k-space. The challenge is achieving all of these goals simultaneously.

x∆

Crad 615 m>
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For now, we will consider the k-space requirements. While an electric field is stored on
a k-space grid during Step 2 of a propagation (Eq. 2.2), each pixel in the grid represents a
certain spatial frequency value,kx (or ky), going up to some highest spatial frequency of
kmax. This maximal value will be determined by theNyquist critical frequency (fc) for the
grid, and we have [31]:

(2.28)

where∆x is physical distance between neighboring pixels in the x-space grids, andW is
the size of the calculational window spanned by the grid (with these 2-D grids having

 pixels on a side).

In discretely sampling spatial frequencies -kmax to kmax on a grid with this pixeliza-
tion, the k-space grids contain the following spatial frequency components1:

(2.29)

As is well known [31], discrete sampling of a function (or continuous data) which has
power at spatial frequencies above the Nyquist frequency that is set by that sampling rate,
causesaliasing. The effect of aliasing is take power at high spatial (or temporal) frequen-
cies, and erroneously shift it to low frequencies, rather than recording it correctly or sim-
ply ignoring it. There are two principal ways to avoid aliasing: one is tofilter all of the
high-frequency information out of the function before it is sampled, and the other is to
increase the sampling rate (thus increasingfc, i.e.,kmax) so that there is negligible power
left in the function above the Nyquist frequency of the finer sampling pattern.

Aliased power can be present in the LIGO simulation program within maps of either
the laser fields or the mirrors; but since the maps of “realistic” mirror measurement data
are already discretized by the time they are read in by the program (so that the amount of
aliased power in them — hopefully small — cannot be altered), the primary type of (k-
space) aliasing that could be committed by the program during run-time would be due to
inadequate sampling of the propagating e-fields on the grids.

The k-space requirements for adequate gridding can now be stated mathematically,
and they are twofold: the grid pixelization must be fine enough so that there is negligible
laser beam power above the highest grid spatial frequency,kmax; but there must also be
enough pixels in the grid (largeNpix and x-space windowW, i.e., small∆k) for there to be
adequate k-spaceresolution for the beams’ k-space information to be modelled with high
detail, since having all of the beam power covered is not very useful if it is all lumped into,

1.  Note that the -kmax andkmax components are identical for this discrete grid representation.
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say, one or two pixels of the k-space grids. Similarly, such resolution and large-range cov-
erage requirements must also be satisfied in x-space for when the beam data is stored on
position-space grids; this will be the subject of the following subsection.

To turn the k-space gridding requirements into practical specifications for LIGO
beams, we consider Gaussian-profile laser modes, specifically the TEM00 mode, since the
excitation laser beam — and nearly all of the circulating power — will be in that lowest
mode1. An idealized TEM00 beam with spot sizew(z) and curvature radiusR(z) is given
by the expression [17]:

(2.30)

where  is the Guoy Phase, and  is the Rayleigh Range.

The momentum-space distribution function of this beam is given by its inverse Fourier
transform:

(2.31)

Dropping the functions ofz that are outside the integrals (and which only affect overall
normalization), and using the fact that thex andy integrals are separable, we can extract
the 1-dimensional distribution function forkx (or, with equal ease, forky), as follows:

(2.32)

where the integration in the last step is computed with help from [42].

1.  It is sufficient to perform this calculation for the lowest-order TEM00 mode, since that is the
mode of the starting laser beam, and its generation at the beginning of the run is the only time when
discrete sampling of a continuous Hermite-Gaussian function is performed to create an interferom-
eter laser field. Subsequent interactions with the grid-based mirror maps cannot scatter power to
values of spatial frequency that are inaccessible to those self-same grids.
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Once again ignoring the normalization factor that depends only upon z, we examine
the exponential factor. The argument in brackets can be separated into its real and imagi-
nary parts; while the imaginary part only contributes a phase which is irrelevant for our
current purposes, the real part of the argument represents the exponential tail-off of power
in the momentum distribution function. This real-part factor can be written as follows:

(2.33)

Using the formulas  and  from [17], along
with  and , a little bit of algebra yields the result:

(2.34)

wherew0 is minimum spot size (“waist”) of the beam in the focal plane (i.e., atz = 0).

The considerably simplified result of these calculations is thus:

(2.35)

Note that the distribution of power as a function of spatial frequency (kx andky) depends
only upon the beam’s waist size, and not at all upon the spot sizew(z), or curvature radius
R(z), at any other location along the propagation (z) axis1. This result makes intuitive
sense, when one considers the beam to be simply a superposition of plane waves with k-
space distribution according to , since free-space propagation of the
beam should not alter how much power there is among the various plane wave compo-
nents, each with a given value ofkx andky. On the other hand, these calculations prove a
somewhat non-intuitive point: the pixelization of the gridseverywhere in the interferome-

1.  This result may appear to violate the symmetry between x-space and k-space which is discussed at
the beginning of this section, since the beam expands in x-space while its k-space distribution remains
unaffected. The discrepancy in this symmetry may be due to the fact that it only takesamplitudes into
account, and beam spot size expansion is an effect generated by differences in thephases picked up by
the k-space components; or it may be due to the introduction of a new position-space scale length into
the problem, namelyz, the distance from the focus. Insofar as this result may go against prior expecta-
tions, it should be studied further for a satisfactory understanding to be achieved; but in any case, the
mathematics presented here clearly leads to the result shown in Eq. 2.35, and interpreted thereafter.
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ter must be capable of storing the k-space information present at thewaist of the beam, in
terms of adequate k-space resolution and high-spatial-frequency coverage. And if focus-
ing due to the mirrors changes the beam to a new waist value (even if the focal plane with
the adjusted waist size isn’t located within the interferometer), then each mirror map must
be gridded appropriately for the value ofw0 that the local beam which encounters itwould
have at its focal plane.

An example of a gridding procedure which is not valid, due to this requirement, would
be the simple re-pixelization of the grids in order for them to be coarser when the beam
spot size is larger, and finer when the beam is near its focus. Although this method would
appear to be able to represent widely-varying beam sizes with a fixed number of pixels of
varying size (as opposed to using a huge number of pixels and a large window size as a
brute-force method of representing small or large spot sizes), a procedure of that type
would lose significant high-spatial-frequency beam information while utilizing the coarser
grids. Although there are certainly applications in existence which are designed to perform
such “dynamic grid-sizing” (we must assume that they use clever routines in order to
avoid the problem which we discuss here), our program lacks the capability to simulate a
beam which undergoes dramatic spot-size changes due to strong focusing, without using a
very large number of pixels (thus causing dramatic increases in run-time) in order to con-
tain the entire beam when it is expanded, while also representing the highest k-space com-
ponents of the beam as determined by itsw0 value.

Using Eq. 2.35 (in conjunction with Eq’s. 2.28 and 2.29) we can quantify the require-
ments of adequate k-space resolution and high-spatial-frequency information storage.
First, we re-define the “spatial frequency” value of a plane wave beam component as a
wave with a propagation angle ofθ with respect to the main propagation axis, which is
given (to very good approximation for a paraxial beam) as follows1:

(2.36)

The power spectrum of the beam goes like the square of Eq. 2.35, and can be expressed as:

(2.37)

We can set some approximate point, call it , to represent the propa-
gation angle for which the power in the collimated laser beam is said to “die off”. The con-
stantΩ will be some number of order unity. The typical angle beyond which there is little
power in the beam is therefore equal to:

(2.38)

1.  The discussion now considers only one dimension in k-space, e.g.,kx, without loss of generality.
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Parenthetically, we note that the fundamental requirement of the Paraxial Approximation,
, means that  must be true; i.e., the beam waist size

must be significantly larger than the wavelength of light, an obvious condition to be met
for a coherent laser beam that avoids excessive diffraction.

Now recalling Eq’s. 2.28 and 2.29 (and using Eq. 2.36), we can express the maximum
propagation angle representable on the k-space grids, as well as∆θ from one pixel to the
next, as follows:

(2.39)

(2.40)

These values, determined by the pixelization and window sizes of the grids, mustbracket
the value ofθdie-off specified in Eq. 2.38, for the TEM00 beam in the LIGO interferometer.
Specifically, for goodresolution in k-space, we must have:

(2.41)

But in order to have coverage for large spatial frequencies (i.e., a large “window” in k-
space), we require:

(2.42)

These two conditions, manifestly in opposition to one another, can only be satisfied simul-
taneously if the grids contain a large number of pixels, , and if one splits the dif-
ference to satisfy Eq’s. 2.41 and 2.42 to an approximately equivalent degree.

These gridding requirements are reasonably well satisfied by the parameters given in
Table 2.1. With a calculational window width ofW = 70 cm, a beam waistradius of w0 ~
3.5 cm,Npix = 256, and, say,Ω = 2 (the choice of die-off parameter only affects the results
as ~ ), we compute these two k-space ratios as , and

, thus demonstrating that both requirements are satisfied
equivalently and with good margins for error. Also note that there is no significant focus-
ing due to the optics of the interferometer1, so that the value ofw0 used above is a good
estimate of the waist parameter for the beam throughout the entire modelled system.

1.  The only exception is in the case of Dual Recycling with a long (2 km) Signal Recycling Cavity,
but even in that case, as will be seen, the focusing element used produces a similar waist size.
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2.3.4.3 Suppressing “position-space” aliasing

We now turn our attention to the gridding requirements which must be satisfied for manip-
ulating the beams inposition-space. As before, there are two considerations: adequate res-
olution of the grids, and adequate x-space coverage with sufficiently large calculational
windows.

For the former, a brief consideration shows that no more work is required to guarantee
adequate x-space resolution. To achieve good resolution, the individual pixel size must be
relatively small compared to waist size of the Gaussian beam, in order to map it out in
detail. This criterion is expressed as follows, with∆x equal to the width of a pixel:

(2.43)

But this is the same condition as Eq. 2.42, to within a factor of order unity ( ).
This result is no surprise, since the necessity for fine sampling in x-space in nothing more
than the statement that high spatial frequency information in the sampled function must be
adequately measured, in order to prevent the (k-space) aliasing which could occur when
discrete samples are taken of a continuous function, like a beam profile.

In contrast, the one remaining criterion — that of having an x-space window large
enough to contain most of the power in the Gaussian-profile beams — is a more compli-
cated issue. Unlike the distribution of beam power in k-space, the x-space power distribu-
tion doesnot remain constant during free-space propagations: the beamexpands as it
propagates away from the focal plane. The requirement for making the physical window
substantially larger than the beam would therefore involve the spot size at the plane of
evaluation, rather than the beam waist size at the focus, as follows:

(2.44)

This requirement (minor numerical factors aside) is a more stringent one than its k-space
counterpart, Eq. 2.41. It is therefore difficult to model a beam with large expansion factors,
since one must increaseW (and Npix) to satisfy Eq’s. 2.41–2.44 simultaneously, and
increasing the number of pixels greatly increases the computational requirements of a run.

In order to understand the significance of violating such a requirement, consider again
the implications of using discrete and finite grids to model the continuous physics of an
unbounded beam. The problem of discreteness has been handled above; but because of the
finite number of grid pixels, there is a finite window of x-space information, and all infor-
mation outside of this calculational window is left indeterminate. It isnot assumed to be
zero, or tailing off exponentially to zero, as would be most accurate; rather, since beam
information is stored on the momentum-space grids in the form of a finite superposition of
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sinusoidal components, the default information outside the x-space window for this k-
space representation turns out to be oscillatory. In other words, when a beam has been
Fourier transformed into k-space for propagation, the lack of information outside the x-
space window (equivalent to insufficient k-space resolution) is mathematically equivalent
to a default pattern of an infinite series of “phantom” windows lined one after another next
to the real window, with each of them being occupied by a phantom Gaussian beam that is
a duplicate of the real beam. Propagations can therefore cause phantom power to manifest
itself in the simulation results. For example, just as the real beam expands during propaga-
tion, and some of it may fall beyond the real window, the phantom beams may spillonto
the real window, so that the propagation causes unphysical power to enter into the simu-
lated laser beam. This false-power effect, which we will call “position-space aliasing”, is
depicted in Figure 2.6 as a consequence of Gaussian beam expansion.

Figure 2.6:An infinite array of phantom windows, causing aliasing via beam expansion.

For the simulation runs that we perform, the largest spot sizes (located at the Fabry-
Perot cavity back mirrors) of the beam are 3.638 cm in radius, only ~4% bigger than at the
waist, so that position-space aliasing as depicted in Fig. 2.6 is not significant. In any case,
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the apertures of the finite-sized mirrors are much smaller than the calculational window
size, so that an expanding phantom beam will be eliminated by the apertures before under-
going such aliasing.

More relevant for our considerations, however, is aliasing due to large-angle scatter
from high-spatial-frequency mirror deformations. The situation is once again unlike that
in k-space: even the highest-spatial-frequency deformation, i.e., a fluctuation over one
pixel, cannot scatter power to akx (or ky) value that is higher thankmax; but such deforma-
tions easily scatter power out to very large angles, so that they passxmax and exit the win-
dow during the propagation, while aliased power enters from the other side. It is even
possible that the scattering angle is large enough such that the aliased power can make the
trip from within the aperture of a phantom mirror to within the aperture of the real mirror,
so that the finite apertures are not sufficient to remove this power from the system. This
effect turns out to be very significant for our simulation runs, since mirrors with realistic
deformations will have very fine structure, scattering power out to large angles, the effects
of which we must simulate.

Position-space aliasing due to large-angle scattering is shown in Figure 2.7. The angles
in the diagram are defined as follows:θp is thelargest angle that physical information can
travel at from anywhere in the initial (real) mirror aperture and still enter the (real) mirror
aperture at the destination window; andθa is thesmallest angle that alias information can
travel at from anywhere in the initial (phantom) mirror aperture and still enter the (real)
mirror aperture at the destination window. Obviously, one wishes to model the system such
that as much as possible of the physical information, , is retained in the model, while
as much as possible of the aliased information, , is eliminated or not modelled.

Figure 2.7:Aliasing due to large-angle scattering from fine-scale mirror deformations.
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The anglesθp andθa are determined by three parameters: the width of the calcula-
tional windows (W), the aperture diameter of the mirrors (A), and the length of the propa-
gation (L) that separates the initial plane from the destination plane. Using small-angle
approximations, we get:

(2.45)

(2.46)

In addition, recall Eq. 2.39 for the maximum propagation angle representable on the grids:

(2.47)

In general, these three angles can have any relationship with respect to one another. If the
inequality  is true, then propagations are bound to introduce aliased power into
the interferometer; and if  is true, then it becomes impossible to completely
separate the aliased power from the real power in the system. In any case, this will only be
a problem in the Fabry-Perot arm cavities whereL is large, since  elsewhere.

Given fixed choices of the physical parametersA and L, one apparent method of
enforcing  is by makingW large (while increasingNpix to keep
constant); if the calculational window is large enough, then aliased power will not be able
to make it to within the real mirror aperture. To increaseW, one adds a framework of pix-
els around the original grids, which is “dead space” because the power out there is elimi-
nated every time an aperture is encountered. This method is called “zero-padding” [17],
and theoretically it can be made 100% effective against position-space aliasing, as long as
W is set large enough.

The serious drawback with zero-padding is that it is very expensive in time and com-
puter memory. With FFT’s computed at a speed proportional to , increas-
ing the 2-D grids by 2 along each dimension increases run time by a factor of more than 5;
a day of running time becomes almost a week. Also, the amount of data stored in each grid
would increase by a factor of 4, and the simulation program manipulates very many of
these grids during a run, so that RAM limitations (on workstations) and disk space for
storage of the computed e-fields become important factors. Due to the run time increase
alone, zero-padding is not a method that is accessible to us for eliminating position-space
aliasing from our runs.

Instead, we have implemented an alternative method for controlling aliasing: momen-
tum space beam filtering. As its name implies, this method consists of taking the e-fields
that have been transformed into k-space, and zeroing-out or reducing the large-spatial-fre-
quency components which give rise to position-space aliasing. Essentially, this adds an
intermediate step to the propagation procedure given in Sec. 2.3.2, as follows:
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Step 2.5: Multiply each pixel in k-space by an aliasing-filter factor:

(2.48)

This filter function can be a simple function of zeroes and ones if ; but if
 is true, then a smoothing process must be done which makes a compro-

mise between eliminating aliased power and retaining the real power.

From Eq. 2.29 and Eq. 2.36, one can express the propagation angle represented by a
the nth pixel in the k-space grids:

(2.49)

This can be combined with Eq’s. 2.45 and 2.46 to derive the (integer) pixel numbers,n =
Np andNa, which represent the angles,θp andθa, respectively:

(2.50)

(2.51)

The filter function of Eq. 2.48 is therefore designed to obey the following rules:

(i) For , set  for all pixels,

(ii) For , set  for all pixels,

(iii) For  (theoverlap region, if it exists), apply a smooth, asymptotic cut-
off which removes more of the power asn, θn get larger.

In the runs which we demonstrate in this thesis, the typical parameters areA = .24 m,
W = .70 m,λ = 1.064µm, L = 4000 m, andNpix = 256, which yieldsNp ~ 39 andNa ~ 75.
In these runs, we are fortunate since ; but for earlier runs with Argon-ion laser
light ( ) and 128 x 128 grids over a .35 x .35 m window, there was a signifi-
cant overlap region within which we set  to be an exponentially-decreasing
apodizing function bounded by values of 1 atn < Na and ~0 atn > Np.

In the absence of such anti-aliasing procedures, the symptoms of position-space alias-
ing are the persistence of unphysical beam modes in the cavities of the interferometer.
These modes, representing very high spatial frequencies and large-angle scattering, do not
get apertured out of the system, but rather build up as background fields which corrupt the
resonant beams and draw power from the lowest-order mode. While these background
fields are small compared to the power of the resonant TEM00 mode in the Fabry-Perot
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arms, they leak out easily from the dark port of the beamsplitter, sometimes nearly dou-
bling the total power in the imperfectly-dark fringe, so that a simulation run without anti-
aliasing procedures cannot be trusted to predict the true amount of power emerging from
the interferometer exit port.

Alias modes are distinct in terms of their modal composition. When typical exit port
fields without aliasing are decomposed into Hermite-Gaussian modes (as per Appendix
A), most of the power is usually located in the first few low-order modes. But we have
found that no matter how many modes one chooses to decompose a beam affected by
aliasing into (up to a hundred or more), the aliased power remains almost totally unac-
counted for. This can be understood by looking at Figure 2.8, the real part of an e-field
built-up in a Fabry-Perot arm cavity (during runs that will be discussed in Sec. 2.6.2), that
is generated exclusively by the effects of position-space aliasing. This e-field is striking in
appearance: wild (phase) fluctuations from pixel to pixel are apparent, thus implying
structure in the highest spatial frequencies representable on the grids. In comparison to the
smooth (TEM10) field shown in Fig. 2.3, this is very clearly a mode that could not have
been built up in a real cavity system with apertured mirrors.

Figure 2.8:The real part of a Fabry-Perot cavity field generated via position-space
aliasing. The outer portion of the map is clipped for visual clarity.

To test our anti-aliasing procedures, we performed runs with our old (Argon light)
parameters for three cases: 128 x 128 grids over a .35 x .35 m window, with and without
anti-aliasing, and for 256 x 256 grids over a .70 x .70 m window for which anti-aliasing
was unnecessary (since ). All three runs were performed using a set of

 mirror surfaces and deformed substrates. For comparisons between the
runs, we looked at the (average) TEM00 carrier power built up in the Fabry-Perot arms, the
carrier Contrast Defect (a measure of how dark the dark-fringe really is), and the projected
GW-sensitivity at 100 Hz, , given the shot noise level at the dark- (signal-) port.

The results are presented in Table 2.3. These results clearly show that the anti-aliasing
procedure, if performed with carefully chosen parameters, succeeds in nearly duplicating
the (foolproof) effects of zero-padding, i.e., the 256 x 256 grid run. These results also
show that the effects of position-space aliasing, if left unchecked, cause significant errors

θa θmax>
λ(YAG) 1800⁄

h̃SN 100( )
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Table 2.3:Comparison of anti-aliasing and zero-padding runs versus an unmodified run.

in the simulation-based estimations of LIGO performance with realistically-deformed
mirrors.

Since we have implemented anti-aliasing in our simulation runs, the existence of
“unaccounted for” power in the dark-fringe carrier fields has been virtually eliminated for
modal decompositions using a reasonable number of modes (e.g., the lowest 45 modes).

2.4 Relaxation methods for steady-state e-field solutions

As discussed in Sec. 2.1.1, the simulation program models astatic LIGO interferometer,
one which is assumed to be held to the correct operating point for an indefinite period of
time. This assumption enormously simplifies the program and our overall simulation task,
while still enabling us (see Appendix D) to compute the frequency-dependent GW-
response of the interferometer. The primary task of the simulation program, therefore, is to
compute the relaxed, steady-state, resonant electric fields that build up in each part of the
interferometer, when it is excited by a laser beam of fixed amplitude, orientation, and fre-
quency (at the nominal carrier & sideband frequencies) entering through the Power Recy-
cling Mirror. This section will outline the process of e-field relaxation that is performed.

2.4.1 Steady-state equations for a system with cavities

Observe Figure 2.9, which is a diagram of the interferometer with many of the propaga-
tion, reflection, and transmission operators needed for e-field relaxation shown. The phys-
ics of these operators is as described above in Sections 2.3.2 and 2.3.3. Some e-fields are
also shown, as in Fig. 2.2, but in this case only the fields necessary for computation of the
interferometer steady-state behavior are included; as will be seen, all other e-fields of
interest can be simply derived from them. A Dual-Recycled interferometer is depicted,
which is the most general case; appropriate relaxation formulae for an Initial-LIGO sys-
tem can be obtained from the general case by setting  to zero and  to unity, though
there are some algorithmic differences between the way the two systems are handled in the
simulation code.

Quantity
128 x 128 grid

(no anti-aliasing)
128 x 128 grid

(with anti-aliasing)
256 x 256 grid

(“zero-padding”)

Arm Cavity Power 1994.2 2011.3 2011.7

Contrast Defect 1.298 x 10-3 7.944 x 10-4 7.954 x 10-4

GW-strain, 9.192 x 10-24 8.944 x 10-24 8.943 x 10-24h̃SN 100( )

R6 T6
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Figure 2.9:A (Dual-Recycled) LIGO interferometer shown with the propagation and
mirror interaction operators that are used for computing the relaxed electric fields.

The full steady-state equations relating each of the e-fields in the interferometer to one
another, which must be achieved by the e-field relaxation algorithm, are not presented
here; but as an illustrative example, consider the steady-state equation for :

(2.52)

(Note that these e-field operators are written out as working on the quantities to their right,
so that right-to-left for each term represents the forward passage of time. Also note that the
same propagation operator is used for bi-directional beam propagation: the propagator

R6
r

P6

R3
a

P3

R1
a

R2
a

Erec R1
r

P1 P2

RBS
a

RBS
r

T BS
in

T BS
off

R2
r

R4
r

P4
EinlineElas

R3
r

R5
r

P5

Eoffline

T2
T1

T3

Advanced-LIGO

Edual
T6

Einline

Einline R2
r

P4⋅ R4
r

P4⋅ ⋅( ) Einline

T2 P2 TBS
in

P1⋅ ⋅ ⋅( ) Erec T2 P2 RBS
a

P6 R6
r⋅ ⋅ ⋅ ⋅( ) Edual⋅+⋅+

⋅=



70

only depends upon the distance travelled, not the direction.)

While Eq. 2.52 may appear mathematically complicated, the physical process that it
represents is quite simple. The steady-state field  must be equal to a superposition of
three elements: the self-same field ( ) sent on a round-trip through the arm cavity,
added to the portions of  and  which are channelled into the inline arm cavity by
the interferometer optical configuration, and thereby excite that arm cavity. The necessity
of obeying an relationship like Eq. 2.52 is just an expression of the fact that an e-field at a
given location must beequal to the sum of all (steady-state) fields entering that location,
for an overall steady-state condition to exist.

This formula for , as well as the steady-state equations for all other interferome-
ter e-fields, can be recast into the following generic form:

(2.53)

Because  is located within a cavity, it depends upon itself (i.e., it is “self-cou-
pled”) via some form of round-trip reflection, as well as depending upon1 all of the fields
which excite the cavity it resides in. For  and ,  has contributions from

 and , while for  and ,  has contributions from  and .
In addition,  has a unique contribution to  from the input laser field, . Note
that  and  do not excite each other directly, nor do  and .

Because these four interferometer fields ( , , , and ) are self-
coupled, they cannot simply be written down as functions of , or as a function of the
other three fields; they are irreducible, and must (as we will show) be solved for via an
iterative process. Generally speaking, there will be one self-coupled e-field to be itera-
tively solved for (i.e., relaxed) per cavity. In the Initial-LIGO interferometer, this means
that a total of three e-fields must be relaxed: one in the Power Recycling Cavity, and one in
each of the Fabry-Perot arm cavities. For a Dual-Recycled interferometer, a fourth e-field
will be relaxed which must be located in the Signal Recycling Cavity.

Other than the requirement of having one relaxed e-field inside each cavity, the precise
locations and propagation directions of those e-fields are arbitrary. For our simulations, we
have chosen the relaxation fields to be , , , and (for Dual Recycling)

, as depicted in Fig. 2.9. Once these e-fields are fully computed, all other interferom-
eter e-fields (including the output field exiting the interferometer) can be obtained from
them by propagating each of the relaxed e-fields to the interferometer location of interest,
and then summing their contributions together to produce the total, steady-state e-field at
the new location.

1.  A field “ ” will be dependent upon field “ ” if there is a path to the location of  (bearing
the same propagation direction as ) that comes from the location of  (bearing the same prop-
agation direction as ), that doesnot pass through the location of any other field which  is said
to depend upon.
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Not discussed so far is how one solves the steady-state equation, Eq. 2.53, for each of
the interferometer e-fields. Our procedure for iterative e-field relaxation will be the topic
of Sections 2.4.3 and 2.4.4. First, however, we will justify the iterative approach.

2.4.2 Iterative vs. non-iterative solution methods

Technically speaking, all of the interferometer fields are physically determined by only a
single electric field: the excitation laser field, . The discussion of Sec. 2.4.1 notwith-
standing, it is mathematically possible to use non-iterative methods to solve for all of the
steady-state e-fields. We discuss two such methods here, and our justification for not uti-
lizing them.

The first non-iterative method is the most straightforward and brute-force approach:
one simply propagates the laser beam into the interferometer, and then follows that beam
— and all derivative beams generated from it by reflections and transmissions — as they
propagate through the interferometer cavities, until they each eventually decay away to
negligible power. One then sums over all such beam components (keeping track of their
relative phases) in order to form the composite field at any given interferometer location,
at a specifiable time.

Simulations of this kind have indeed been done successfully [43] for coupled-cavity
interferometers (if not for the full Dual Recycling case with Fabry-Perot arm cavities), but
not for models where each e-field contained the tremendous amount of spatial beam infor-
mation that is necessary for simulating the effects of realistically imperfect optics. The
brute-force procedure simply appears infeasible for the moderately-high finesse (i.e.,
many bounces before power decay) cavity system of the full-LIGO interferometers, given
the fine spatial resolution for mirror and e-fields that our research requires.

The second non-iterative method is simply to invert the steady state equation, Eq. 2.53,
as follows:

(2.54)

whereI is the identity operator, and R.T. is the composite “round-trip” operation that is
undergone by this particular  in the interferometer. In the case of , we
can use Eq. 2.52 to write:

(2.55)

This procedure defined by Eq. 2.54 has been demonstrated by Vinet and Hello [19], in
which they transformed their e-fields into discrete arrays of Hankel coefficients, then
found the transform-space propagation kernels, derived the complete matrix operator for a
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Fabry-Perot cavity round-trip, and inverted it to solve for the steady-state cavity field.
They found their matrix approach to be about a thousand times faster than iteratively solv-
ing for the cavity fields with their version [22] of the FFT-based e-field propagation pro-
gram. To use their (1-D) Hankel transforms, however, they assumed circular symmetry
throughout, thus reducing the number of dimensional indices (for physical space and the
transform space) from 2 to 1. Thus they required only rank-2 tensors to move between
physical space and the transform space. In our simulation program, we make noapriori
symmetry assumptions about the mirrors or fields, and so we require two-dimensional
arrays for e-field information, and rank-4 tensors to move between physical space and
momentum space. Inverting round-trip operators which are as large as rank-4 tensors, with
many pixels on a side (typically as many as 256) may well be a less feasible approach than
our current method of performing an iterative e-field relaxation scheme. Naturally, if some
modal or functional representation is found [28] which encodes as much of the important
beam and mirror structure information as our 2-D spatial grids do, while using consider-
ably fewer than 256 x 256 coefficients, than an inversion scheme like Eq’s. 2.54 and 2.55
might be more feasible; but such a representation remains to be demonstrated.

A potentially more serious problem with solving for the steady-state fields using this
operator inversion method, is the presence of finite-sized mirror apertures in the real LIGO
interferometer. Modelling such apertures is a necessary part of a LIGO simulation pro-
gram, since finite apertures have the important effect of trimming high spatial modes and
preventing them from accumulating in the interferometer. Light falling beyond these aper-
tures is completely and irreversibly removed from the system; and once this information is
“erased”, it cannot be re-created by the inversion of any interferometer matrix operator. In
the program, therefore, they represent a spatially-inhomogeneous loss of information
which turns the method of e-field relaxation via operator inversion into a nonsingular
problem.

2.4.3 Utilizing a fast iteration scheme

To specify a convergence scheme for e-field relaxation, one creates a prescription for how
the N+1th iterative guess for a given e-field is obtained from its Nth iteration (and from the
Nth iteration of the other e-fields being relaxed simultaneously). The simplest possibility is
to make the choice:

(2.56)

This process is repeated for as many iterations as necessary, until the change in going from
 to  — which is equal to the amount by which the steady-state equation, Eq.

2.5.3, is violated — is reduced to within a pre-specified threshold of accuracy (typically 1
part in 104 in power, for our runs). When the iteration process is complete,
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This relaxation formula is guaranteed to smoothly converge an e-field to its correct
steady-state form1, because it is little more than a simulated version of how power actually
does build up, through a sum of many bounces, in the cavity system of a real interferome-
ter. This iteration process has been used to good effect by previous researchers [22].

Conversely, since the method of Eq. 2.56 does indeed model the true physical buildup
of power in a system of cavities, it requires a great many iterations to converge, especially
for coupled-cavity systems with Q-factors that are not small, since the number of itera-
tions prior to convergence is directly related to how many reflections and round-trips that
transient e-fields could persist for, while retaining significant power, before dying away. In
the case of a full-LIGO simulation program, the iteration scheme prescribed above repre-
sents a relaxation routine that would be overwhelmingly slow to complete.

Therefore, as first suggested (and implemented, for a simpler cavity arrangement) by a
LIGO colleague [44], our simulation program uses a different approach. Instead of Eq.
2.56 for choosing the N+1th iteration, we use the following expression:

(2.57)

where (a, b, c) are unknown, complex coefficients2 that are solved for by minimizing the
error in what the steady-state equation will become in thenext round:

(2.58)

This expression for the steady-state error can be differentiated with respect to the six avail-
able degrees of freedom (the real and imaginary parts ofa, b, andc), resulting in six simul-
taneous equations that can be solved for via a matrix inversion operation. Compared to the
simpler scheme of Eq. 2.56, the “abc” relaxation method derives a huge advantage from
having these additional, useful degrees of freedom available for determining the next iter-
ation. Many fewer iterations will be necessary to achieve convergence, therefore resulting
in much faster e-field relaxation. The additional degrees of freedom are especially impor-
tant for cases with significantly deformed optics, since the steady-state fields for those
runs will differ significantly from the initial-guess ( ) fields3, and thus substantial evo-
lution of the e-field during relaxation is required for convergence to be achieved.

2.4.4 Computational and stability issues for fast relaxation

There are a number of important differences between the simple convergence scheme, and

1.  Barring any complications which could arise from the dynamic interferometer parameter optimi-
zations that will be discussed in Section 2.5.
2.  This method reduces to the simpler method of Eq. 2.56 for the special case of (a,b,c)=(0,1,0).
3.  The initial-guess e-fields are pure TEM00 beams that are mode-matched into the interferometer,
and multiplied by analytical estimates of cavity power gain, so that they are close to being solutions
for an interferometer with perfect mirrors.
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the fast (“abc”) convergence scheme, which must be discussed. First of all, the abc algo-
rithm requires much more information to be stored during each iteration, in terms of
interim e-fields, to perform the error evaluation necessary for the optimization of the (a, b,
c) coefficients; for example, Eq. 2.58 requires the computation of terms such as

, etc. The abc method therefore uses more
computer memory than the simple convergence scheme. In addition, each abc iteration
requires more e-field propagations, so that it takes longer to perform than an iteration for
the simpler relaxation algorithm. Nevertheless, this effect is not nearly severe enough to
counter the overall speedup of doing a much smaller number of iterations.

A more significant difference for the abc convergence method is that it does not
directly model the physical process of power build-up in the interferometer. As a result,
there is some sacrifice of convergence stability, because the (a, b, c) coefficients may be
poorly chosen for some iterations. In practice, this is due to the effects of finite numerical
accuracy in the matrix-inversion step that is performed to solve for the minimization of the
error function, , and also due to the fact that large excursions from self-
consistent physical states are possible because of the unconstrained way in which (a, b, c)
are chosen. As a result, optics with large deformations, or even just significant errors in the
initial power estimates that are made by the program in order to compute , can cause
the abc relaxation process to diverge.

To enhance the stability of the abc relaxation algorithm, we have found that placing
hard limits on the allowed choices of (a, b, c) during the early stages (e.g., first 75 itera-
tions) of runs1 allows the relaxation process to settle down, so that it can converge cleanly
and quickly to the steady-state solution. These limits must not be so tight as to completely
inhibit the fast relaxation process, which involves substantial changes to the electric fields
(and often dramatic, temporary plunges in power during the early stages), but they must be
tight enough to contain the process until it stabilizes. When the limits are well-chosen, and
applied to each of the e-fields being relaxed in the interferometer2, this is a very effective
method for achieving convergence stability.

At least part of the stability problem mentioned here arises because abc-based itera-
tions are performed simultaneously and independently for the three e-fields being relaxed
in the (Initial-LIGO) interferometer. The next-guess field in one location is therefore
unaware of the next-guess changes made in the other locations, and the changes to all
fields are not mutually optimized. This tends to create a “power oscillation” between the
Power Recycling Cavity and the Fabry-Perot arms during the convergence process, which
usually decays away, but for runs with strongly deformed mirrors it may grow, leading to

1.  These hard limits on (a,b,c) are useful for runs with significantly deformed mirrors, but are
counter-productive for runs with perfect or nearly-perfect mirrors.
2.  The radio-frequency sideband field in the Power Recycling Cavity does not require such limits,
since it does not use the abc method anyway; we have seen that it is relaxed better with the simple
convergence scheme, i.e., (a,b,c) = (0,1,0).
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divergence. This instability was not relieved by simple expedient of turning off the abc
process during alternate iterations, to allow the fields in different locations to be updated
in step with one another, thus delaying an e-field’s iterative change until the next-guess
information from the other e-fields can arrive. That approach merely slowed the conver-
gence process down, and showed that a more general solution was needed to completely
ensure stability of the abc method.

In response, former LIGO scientist Yaron Hefetz suggested a “global” convergence
process, in which the (a, b, c) coefficients for all relaxed fields are chosen simultaneously
by minimizing a global error function that is a weighted average of  for
each of the relaxed e-fields. This global convergence method is a more complex process
than the original abc algorithm, with many more propagations and more interim e-fields
being stored than before (so that even more memory is required); but in addition to
enhancing stability (and obviating the need for limits on the (a, b, c) coefficients), it fur-
ther speeds up the relaxation process by causing all interferometer e-fields to converge
together in a more coherent process. We have implemented the global convergence algo-
rithm in our code for Dual Recycling simulations, and it works as well as was expected.

In summary, despite the caveats presented here, our fast, “abc” relaxation scheme is a
sufficiently reliable andextremely fast convergence algorithm that greatly reduces pro-
gram execution time, thus enabling us to perform full-LIGO simulation runs with realistic
optics over a wide space of physical and computational parameters.

2.5 Parameter adjustments for sensitivity optimization

At the heart of our efforts to make a realistic simulation of a LIGO interferometer are sev-
eral routines which bring the system into an “optimal” configuration for signal detection.
The problem of optimization is a highly nontrivial matter, due to the complex nature of the
system being modelled. Not only does the interferometer possess many, often inter-depen-
dent degrees of freedom which must be optimized, but each evaluation of performance
(i.e., GW-sensitivity) as a function of these optimizable parameters is extremely time con-
suming, since it involves the complete (or near-complete) relaxation of the carrier and
sideband electric fields everywhere in the interferometer. It is therefore infeasible to use
the brute-force method of optimizing the interferometer’s GW-sensitivity function by eval-
uating it for a thorough sampling of points over the entire, multidimensional parameter
space.

As an alternative, our program implements a strategy very similar to that which will be
used for the real LIGO: each parameter is optimized separately, using some error signal
(that is brought to zero), or some function of merit (to optimize), that is strongly depen-

σ N 1+( )
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dent upon that one parameter only, and which is a true measure of when the parameter is
well-chosen for the maximization of GW-sensitivity.

We have found this to be a successful strategy, and it has been aided by the remarkable
fact that the interferometer’s (shot-noise-limited) GW-sensitivity function is quite insensi-
tive to particularcombinations of parameter changes, such that if one of the optimizable
parameters are displaced from the “global” maximum in the multidimensional parameter
space, then other parameters will adjust themselves (via our optimization procedures) to
compensate with virtually no reduction in interferometer sensitivity. This effect (an exam-
ple of which will be given in Sec. 3.3) is in fact of great use to LIGO itself, since it implies
that LIGO will suffer less from interferometer degradations than might otherwise be
expected; this is because combinations of parameters can be adjusted in concert to make
the system less vulnerable to a particular optical imperfection that may be strongly present
in a particular interferometer. Observing that this compensation effect actually occurs, and
is pronounced, has been an important success of our LIGO modelling initiative [45].

In some sense, the complex task of parameter optimization arises from the physical
realism of the simulation program. For example, rather than specifying “by proclamation”
that the cavities are sitting exactly on their various, desired resonance conditions, the pro-
gram employs real, physical cavity lengths and real beam frequencies, and must then tune
the cavity lengths and/or frequencies to achieve these resonance conditions. Thus the use
of effective (and fast) parameter optimization routines allows our program to model a
more detailed and realistic system.

The following subsections give an overview of the parameters that the program opti-
mizes, the criteria for optimizing them, and the physical considerations which underlie
their significance. These optimizations are done at the same time that the electric field
relaxations are occurring, so that the final product which emerges from the iterative relax-
ation process are the steady-state electric fields of afully-optimized interferometer.

2.5.1 Interferometer laser frequencies and resonance conditions

We begin the discussion of parameter optimizations with a fuller introduction to the con-
trol systems of the LIGO interferometers. The Initial-LIGO and Dual-Recycled LIGO sys-
tems to be discussed here are as depicted (respectively) in Figures 1.5 and 1.6; and the
variables representing physical quantities or interferometer parameters are as shown previ-
ously in Fig. 2.1. Fuller mathematical descriptions of the signal detection process and the
coupled-cavity behavior of these interferometers are given elsewhere [e.g., 5, 71], but here
we will utilize simplifications that are useful in providing an understanding of each indi-
vidual optimization routine that is carried out during the interferometer simulation runs.

First, we discuss the Initial-LIGO interferometers. For this configuration, electro-optic
modulation of the carrier frequency beam is carried out prior to injection of the laser into
the interferometer, to create radio frequency (RF) sidebands which will serve as a local
oscillator for a heterodyne detection scheme that produces an output signal linear inh, the



77

dimensionless amplitude of the GW. The modulation frequency (~few tens of MHz) is
high enough to be above various technical noises which dominate at low frequencies (e.g.,
laser amplitude noise), and the final signal which is obtained via demodulation at the sig-
nal port will be retrieved free of those low-frequency noise sources [46].

In the detection system modelled here, the carrier light has a two-stage resonance in
the Power Recycling Cavity (i.e., the PRC, consisting ofL1 plus L2/L3) and in the Fabry-
Perot arm cavities. The RF sidebands, on the other hand, are resonant only in the PRC (to
maximize the power available for the heterodyne detection scheme), and will be far off
from resonance in the arm cavities so that they may serve as a stable reference which is
unaffected by gravitational waves1. Assuming that the carrier is held to its double reso-
nance, the RF-modulation frequency must therefore satisfy the relations:

(2.59)

(2.60)

whereLArm is the length of either arm cavity (L4 or L5), LPRC is the length of the PRC
averaged between the inline and offline arms (L2 andL3 differ; see below), and the modu-
lation wavenumber is given by:

(2.61)

Some comments about these resonance conditions are necessary. First, note that Eq.
2.59 shouldnot be a precise equality for the real-world LIGO (though it can be modelled in
our program as an equality), since that would lead to unwanted resonance of the non-negli-
gible second-order modulation sidebands (separated from  by ) in the Fabry-
Perot arm cavities. Second, Eq. 2.60, which specifies sideband resonance in the PRC
(where the carrier is also resonant), requires anodd multiple ofπ rather than an even one,
because of the well-known fact [e.g., 5] that reflection from a resonant cavity (e.g., carrier
reflection from the arms) picks up a phase shift of ~π with respect to reflection from a sig-
nificantly off-resonant cavity (e.g., sideband reflection from the arms). Lastly, note that
these formulas only represent approximate relationships that are analytically specifiable just
for perfect interferometers; fine-tuning for interferometers with imperfections is required,
which is where the active optimization routines of the simulation program come into play.

The heterodyne GW-signal will be obtained by interfering the output signal beam
(generated by GW’s from the carrier light in the arms) with the RF-sideband local oscilla-
tor beams2, followed by demodulation of the resulting photodiode output signal at .

1.  Since the GW forces are dimensionless strains that cause cavity length changes proportional to
the unperturbed cavity lengths, only thelong-baseline Fabry-Perot arm cavities (and the fields that
circulate for long durations within them due to resonant buildup) are significantly affected by the
incoming GW’s.
2.  All of these fields emerge — and are coherently summed — at the beamsplitter signal/exit port.
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To optimize the GW-signal, the RF-sidebands must bemaximally channeled through
the signal port1 while the carrier light is nominally held to a dark-fringe there. This is
achieved by incorporating a macroscopic (~few tens of cm) length asymmetry:

(2.62)

between the two arms of the PRC, so that the sideband beams returning from the inline
and offline paths pick up significant (differential) phase with respect to one another,
because of the sidebands’ frequency offset from the carrier. Total destructive interference
(as happens for the carrier light) is thus avoided, and a finite fraction of the resonating
sideband power is extracted from the exit port during each pass of the beams through the
interferometer. The resulting amount of local oscillator light can be maximized by an opti-
mal choice ofLasymm, and the process of such optimization will be discussed in Section
2.5.5. This heterodyne GW-signal generation method is called the “Schnupp Asymmetry
Scheme”2 [47], and it will be used in the first generation of LIGO interferometers.

A large number of signals will have to be read out in a full-fledged LIGO interferome-
ter in order to lock all of the lengths to their proper resonance conditions, as well as keep-
ing all of the mirrors properly aligned, stabilizing the laser frequency, and so on. This
sophisticated complex of control systems [38, 48] will involve the carrier and RF-sideband
frequency beams (and beams at additional frequencies), sampled with pickoffs at various
locations in the interferometer, and includes the use of several modulation and demodula-
tion operations, feedback loops, etc. In order to simplify our simulation task, however, we
model only those elements which have a direct role in generating the gravitational-wave
signals: the beams at the carrier and (upper and lower) RF sideband frequencies3, oscillat-
ing within the core optical configuration of the interferometer (not including, for example,
preliminary optics for mode-cleaning and frequency stabilization). Besides signal genera-
tion, these e-fields will also be the most (or only) significant sources of light power emerg-
ing from the beamsplitter exit port — RF-sideband light emerging intentionally for signal
detection purposes, and carrier light emerging due to imperfect interferometer contrast —
and thus will be the dominant sources of sensitivity-limiting shot noise. The simplified
interferometer thus modelled by the simulation program, therefore, is sufficient for calcu-
lating signal-to-noise ratios and GW-sensitivity curves without any important loss of gen-
erality.

1.  This is actually thefundamental requirement for the sideband fields, which the resonance condi-
tion, Eq. 2.60, is merely meant to assist.
2.  After the late Lise Schnupp.
3.  In practice, we model only one of the two RF-sidebands (the lower one, , has
been arbitrarily chosen), and use those numbers for the other sideband as well; this is justified since
the two sidebands behave very similarly in the interferometer, with power differences that are either
negligible or are only a few percent.
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As discussed previously in Sec. 1.3.4, our Dual Recycling simulations are different
from the Initial-LIGO case in that no RF-sideband beams are modelled. This removes the
need for tuning RF-sidebands to resonance conditions, as well as making a Schnupp
Length Asymmetry optimizer unnecessary (the Schnupp Asymmetry scheme might in fact
not even be practical for Dual-Recycled LIGO interferometers). For convenience, there-
fore, we setLAsymm to zero in the Dual Recycling runs.

Nevertheless, the adjustment of cavity lengths for achieving carrier resonance condi-
tions is still necessary, and the Dual Recycling configuration has an additional length to
adjust:L6, the length of (part of) the Signal Recycling Cavity. The method for the adjust-
ment of this parameter, and all other optimizable cavity lengths, is the subject of the fol-
lowing subsection.

2.5.2 Length-tuning for cavity resonance

Themacroscopic lengths of the cavities in the LIGO interferometer (the 4 km long Fabry-
Perot arms, etc.) are specified by the LIGO project for various scientific, technical, and
economic reasons. But themicroscopic lengths of these cavities must be adjusted (via sub-
wavelength scale changes) to achieve the required interferometer resonance conditions.
This “locking” procedure is done in our program for carrier beam simulations (and is done
utilizing GW-induced sideband beams, forL6 in the Dual Recycling case), and the final,
optimized lengths are exported to serve as input for the subsequent RF-sideband simula-
tion runs1.

The Initial- (Advanced-) LIGO configuration has four (five) independent lengths to be
controlled. These microscopic lengths, obtained by taking the modulus of the relevant
macroscopic lengths, are chosen to be:

(2.63)

(2.64)

(2.65)

(2.66)

1.  The sideband resonance conditions are obtained via alternative procedures (see Sec. 2.5.3), not
through length changes.
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(2.67)

Note that changes to  (or ) which keep the
lengths in Eq’s. 2.63–2.67 constant have no effect on the interferometer resonance condi-
tions. Also note that  is used in these formulas instead of , because the e-
fields pick up twice as much phase duringround-trips through these lengths.

The goals of length tuning are to set , , and  to zero (the
former two for Fabry-Perot arm resonances, the latter for a beamsplitter exit port dark-
fringe), while setting  to  in order to counter theπ phase shift picked up in
reflection from the arm cavities, so that a double resonance can be achieved for the carrier
beam. For Dual Recycling runs,  must be adjusted to whatever value is necessary,
given the GW-frequency that one wishes to optimize the (possibly narrowbanded) sensi-
tivity peak for.

These purely analytical specifications must be translated into a prescription for reso-
nance finding given nontrivial e-field wavefronts interacting with imperfect mirrors. Our
method for accomplishing this is similar to that of Vinet,et al. [22], in that we adjust the
various cavity lengths to optimize the computed “phases” (defined below) between certain
specified cavity e-fields, which results in bringing the cavities to their particular resonant
conditions. Alternatively, we have chosen not to use the method of McClelland,et al. [49],
in which the e-fields are re-relaxed for each trial set of lengths until the configuration for
maximum power buildup is found, since that would involve an excessively time-consum-
ing search over the multi-dimensional phase space of independent, controllable lengths.

The phase,Φ, between two e-fields is defined via an overlap integral (computed as a
discrete sum over the pixelized grids), as follows:

(2.68)

This phase will be eventually driven to zero (or to its desired value) after several best-
guess length changes, which are computed as:

(2.69)

where a factor of  has again been included because of the round-trips through the
length-corrected beam paths.
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Considering the steady-state equation, Eq. 2.53, it is clear that a cavity field will be
unchanging and maximized (i.e., resonant) when , , and
all have zero phase between them. There are several, related ways to bring this condition
about. One can drive , and allow the e-field relaxation algo-
rithm to achieve a steady-state by zeroing . Alternatively, driving

 will make the relaxer zero out .
The same result can be achieved all together by driving

. Each of these methods are equivalent, and different
ones are used in our program where convenient. In all cases, each of the “interim” e-fields
used by the relaxation algorithm are multiplied by phases which reflect the length changes
that have been performed (in order to smooth over the changes for the e-field relaxation
process), and the propagation operators are updated to represent the new cavity lengths.

To achieve the dark-fringe condition (by adjusting ), the program measures
the phase at the beamsplitter exit port between the carrier e-fields coming from the inline
and offline arms, and makes length adjustments by taking the length change prescribed by
Eq. 2.69. Now, though, it setsΦ to π instead of to zero, and applies antisymmetric (“differ-
ential-mode”) corrections of  toL2, and  toL3.

The optimization of  in Dual Recycling runs requires an additional procedure.
The program generates GW-induced sidebands in the Fabry-Perot arm cavities from the
resonant carrier fields that are stored there, at the GW-frequency equal to the one which
the interferometer is meant to be optimized for (i.e., ). The GW-induced sidebands
are then (partially) relaxed in the interferometer, and made resonant in the SRC via adjust-
ments of the position of the Signal Recycling Mirror; these adjustments are computed by
nulling the phase for round-trips of the  beam through the SRC. This method,
involving the generation and relaxation of GW-induced sideband fields, is computationally
expensive, but it is the only accurate method for tuning the SRC to the right GW-fre-
quency for an interferometer with highly deformed mirrors.

The overall length control procedure that we use differs from the one in [22], in that
we do not choose any particular spatial mode (such as the lowest order, TEM00 mode) of
the interferometer e-fields for calculating these phases, but rather the entire e-fields are
used. This is done for a couple of reasons. First, for the dark-fringe condition, one actually
wants to minimize thetotal dark-port power emerging from the beamsplitter exit port (all
of which contributes to shot noise), not just the power in any particular mode. Second, for
the carrier resonance conditions, coupling between modes brings power back into the
TEM00 mode from higher modes1, so that maximizing the total field also maximizes the
particular (lowest) mode which we will want to consider in calculations of the GW-signal.

1.  Equivalently, one can say the spatial beam mode oscillating in the interferometer will not be a
pure TEM00 mode as estimated analytically from baseline optical parameters, but will be some per-
turbed “interferometer mode”; and that it is this perturbed mode which should be made resonant.
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In either case, we have observed that both methods (i.e., with or without spatial mode
selection) give virtually identical results for runs with realistically-deformed mirrors.

To satisfy ourselves that the length optimization scheme did indeed maximize the res-
onant powers (as well as keep the dark fringe dark), we performed runs in which we
forced the lengths to be slightly off from the values that the optimizer had chosen, and
observed that the optimizer had indeed found the best length settings of all those tested.

Lastly, we note that since most of the electric field propagations necessary for length
adjustments must be performed anyway for the e-field relaxation process, these length
optimizations generate little computational overhead (except for the  optimization),
and also interfere minimally with the e-field relaxation process.

2.5.3 Sideband frequency fine-tuning

After the carrier run for an Initial-LIGO simulation is completed, a simulation run for one
of the two RF-sidebands is performed. The sideband fields must be resonant in the PRC,
as per Eq. 2.60, and nearly-anti-resonant in the Fabry-Perot arm cavities, as per Eq. 2.59.
The sideband frequency can be roughly chosen by analytical calculation to approximately
satisfy those relationships, as follows1:

(2.70)

(2.71)

wherec is the speed of light,  is the approximate macroscopic
length2 of the PRC, averaged between the inline and offline paths, and where

. Given the technical limitations of electro-optic modulation, a
good value forn in Eq. 2.71 is 1, yielding a modulation frequency of .

The approximate satisfaction of Eq’s. 2.70 and 2.71 is good enough for the arm cavity
condition (the variation in power buildup around an anti-resonance is very flat), but a more
precise, dynamic process of parameter fine-tuning during the run is necessary to achieve a
sharp resonance in the PRC, since runs involving optical deformations cause degraded and
imperfectly-balanced sideband power buildup in the interferometer.

1.  To satisfy both Eq. 2.70 and Eq. 2.71 simultaneously, the macroscopic interferometer cavity
lengths cannot be arbitrarily specified; changes of ~few cm for the PRC, and ~few m for the Fabry-
Perot arms (thusLArm is notexactly 4 km) must generally be applied to make it work. The carrier
run must be done taking these restrictions into account.
2.  Note that in calculatingLPRC here we implicitly include the optical path length through the sub-
strates of the finite-thickness mirrors; the relevant substrates here are those of the input mirrors to
the Fabry-Perot arm cavities, and the beamsplitter.
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Since the cavity lengths are completely fixed by the carrier run, the sideband reso-
nance condition can only be achieved by small adjustments to the sideband modulation
frequency,νMod. In the same sense as in the previous section on length adjustments, a
phase can be computed between  and  in the PRC, and resonance can be
achieved by performing a series of frequency corrections which converges after many iter-
ations. These corrections are given by the formula1:

(2.72)

This prescription for  need not, in fact, be exactly followed; in practice, the pro-
gram makes individual changes that are smaller than this by about an order of magnitude
(and the size of  is also given a hard maximum limit), in order to avoid overshoot
and achieve a more stable optimization process. In total, the cumulative frequency change
for runs with deformed mirrors and interferometer parameters such as those in Table 2.1,
is small, typically a few hundred Hz or less.

As an example of how optical imperfections can cause the need for sideband fre-
quency adjustments, consider the effects of a beamsplitter for which reflection and trans-
mission is not exactly 50%-50%. In this case, the inline and offline paths in the PRC are
not sampled equally by RF-sideband power, and hence the simple mean ofL2 and L3
(which differ because of the Schnupp Length Asymmetry) is not the proper weighting2 for
computing an averageLPRC. This alters theνMod computed via Eq. 2.71, by an amount
that can be tens of kHz for a 51%-49% beamsplitter. That kind of frequency change is far
too large to be performed byνMod optimization during the simulation run, because it is
comparable to the free spectral range of the Fabry-Perot arms, and the arm cavity near-
anti-resonance would be spoiled by the optimization process. That particular, large adjust-
ment is one that we must account for analytically, prior to the run; but smaller effects, such
as those caused by realistic deformations in mirror surfaces and substrates, are success-
fully dealt with by the sideband frequency fine-tuning algorithm in the program.

In addition to the resonance/anti-resonance conditions discussed above, the RF-side-
bands must also be maximally channeled out through the beamsplitter exit port. This is
done via Schnupp Length Asymmetry optimization, performed simultaneously with side-
band frequency optimization, and which will be discussed later in Sec. 2.5.5.

1.  The resonance condition for theupper RF-sideband is generally the mirror-image of that for the
lower sideband, so that the overall correction toνmod would be virtually the same (though sign-
reversed) regardless of which of the two sidebands were simulated.
2.  The correct weighting ofL2 andL3 goes like thesquare of the amplituder andt values for the
beamsplitter, because the beamsplitter is encountered twice during a round-trip through the PRC.
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2.5.4 Power-recycling mirror reflectivity optimization

The amount of power buildup in the interferometer, and the frequency dependence of its
response, depend upon the reflectivities of the mirrors and are constrained by the mirror
losses. In LIGO, the losses will be as low as can be feasibly achieved, and the mirror
reflectivities will be determined by a variety of physical requirements. The Fabry-Perot
arm cavity back mirrors will be as reflective as possible, since any light that transmits
through them is wasted1. The arm cavity input mirrors have their reflectivities specified as

, in order to set the “pole” or “roll-off” frequency of the arm cavity response to
~90 Hz, which in turn will put the frequency for deepest LIGO GW-sensitivity (consider-
ing the total noise contributed from all sources) at a few tens of Hz above that pole fre-
quency. The beamsplitter, of course, will be as close to 50%-50% as possible; and the
reflectivity of the Dual Recycling mirror (if present) is not fixed to any value, but can be
chosen differently for different GW-response functions.

The reflectivity of the Power Recycling Mirror is unique, however, both because it has
a definite optimal value, and because that value cannot be accurately predetermined via
analytical considerations of an ideal interferometer. The criterion for choosingR1 is that of
maximizing the carrier power amplification that is achieved by Power Recycling; but this
amplification depends critically upon the losses experienced in the interferometer, which
may be radically affected by the presence of imperfect optics. This reflectivity must there-
fore be fixed by a dynamic optimization algorithm that adjustsR1 during the course of a
carrier2 simulation run. And even though a real LIGO interferometer would not possess
the capability of changing the Power Recycling Mirror reflectivity in a dynamic or contin-
uous way, theR1 optimization routine in the simulation program is a resource for helping
prescribe the value ofR1 for the recycling mirrors that LIGO will procure.

First of all, consider the simplified example of a two-mirror cavity with input mirror
parameters , , and a back mirror amplitude reflectivity of .
The input mirror here represents the Power Recycling Mirror of LIGO, whiler2 represents
the overall reflectivity of the rest of the interferometer. The mirror losses in the simple cav-
ity are given by  and , where any back mirror transmis-
sion has been lumped intoA2.

If this cavity is held perfectly resonant for an excitation laser field, , then the reso-
nant, steady-state cavity field will be given by:

(2.73)

1.  Except for asmall transmission, ~10 parts per million, to allow some light to escape for control
system purposes.
2.  One justification for optimizing the Power Recycling Mirror reflectivity during thecarrier run is
given in the discussion at the end of Section 3.3.

R 0.97≈
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The total e-field reflected from the cavity is formed by summing the “resonant” reflection
leaking from the cavity with the “prompt” laser reflection, as follows:

(2.74)

All of the power from the excitation laser must either be lost due to dissipation by the
cavity mirrors (via absorption and/or scattering losses), or reflected back from the cavity.
Since a higher dissipation inside the cavity means a larger amount of stored power, the
way to maximize  is by zeroing . This is accomplished by the choice:

(2.75)

where squares and/or cross multiplications of the (very small) loss terms have been
dropped. To summarize the result of Eq. 2.75, one says that the optimal choice of trans-
mission for the Power Recycling Mirror is equal to the total losses experienced by the res-
onant beam in the interferometer — and that this optimum choice of  (and thus

) causes the total reflected e-field to be zeroed out.

This prescription must be generalized to the case of an interferometer with imperfect
optics. To do so, we consider the overlap integral between  and :

(2.76)

For a perfectly resonant Power Recycling Cavity (a state that will be enforced as well as
possible by the length adjustment procedures of Sec. 2.5.2),  and will
be exactly 180˚ out of phase (a condition apparent from Eq’s. 2.73 and 2.74), so that

 is already satisfied (as can be seen from Eq. 2.76). The mini-
mization of , and hence the optimization ofR1, thus becomes the task of obtaining:

(2.77)

The actual zeroing of  is impossible for a realistically imperfect interferometer,
since  and  will have different contributions from high spatial modes, so
that complete cancellation is impossible. But Eq. 2.77 is a condition that is achievable for
any modal structure that the e-fields may possess, and it brings  as close to zero as
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is possible for the imperfect interferometer. Eq. 2.77 also provides an error signal which
allows the program to compute the (approximate) magnitude andsign of the change to be
made toR1 during an optimization step.

For the reflectivity optimization algorithm in the simulation program, the magnitude of
 for a given  has been determined by trial and error (though

with some guidance from Eq. 2.74, for typical LIGO parameters), using the results from a
variety of runs which run the gamut from perfect optics to highly deformed optics. With
the additional restriction of upper and lower bounds onR1 to maintain energy conserva-
tion1 (as discussed in Sec. 2.3.3.2), this optimization algorithm is a highly effective proce-
dure for maximizing the resonating power (and thus the broadband GW-signal gain) of the
Power Recycling Cavity.

In the real LIGO system, the appropriate value forR1 will actually be slightlylower
than R1,optim., both to hedge (on the safer side2) against uncertainties (and gradual
increases with time, due to contamination) of the true interferometer losses, and also to
provide some finite amount of reflected light for the cavity length control signals. In the
runs that we present in this thesis,R1 will have been driven exactly toR1,optim, in order for
us to quantify the theoretically “optimal” performance of an interferometer with deformed
mirrors; but when it has been needed for LIGO research and development, the simulation
program has been run with more practical values ofR1 that are fixed slightly below the
computedR1,optim., onceR1,optim. has been determined for each case via a preceding run.

Lastly, we note that optimal value ofR1 for the carrier e-fields isnot necessarily the
optimal value ofR1 for the RF-sidebands, because the losses experienced by the carrier
and sidebands in the interferometer are different. Specifically, since the carrier is reso-
nantly amplified in the Fabry-Perot arm cavities, its losses due to dissipation in the arm
cavities are much larger than the losses of the sidebands are there. On the other hand, the
sideband power channeled out of the interferometer exit port (to serve as a local oscillator
for heterodyne GW-signal detection) can be thought of as a “loss” in the interferometer,
and one which will vary as the Schnupp Length Asymmetry is varied. The sequence of
optimizations in the program therefore computesR1,optim. from the carrier run alone, and
then adjustsLAsymm in the subsequent sideband run to adapt to this reflectivity value. The
optimization process forLAsymm is the subject of the upcoming subsection.

1.  Some additional procedures are also performed to ensure energy conservation in mirror maps
with variations in theamplitudes of R andT across their profiles (as opposed to deformations that
are pure phase fluctuations, as with ourλ/1800, etc., surface maps).
2.  The power buildup in a cavity drops much faster for anR1 that is too large, than for one that is
too small; c.f. Eq. 2.73. In addition, any transitions to the former (“undercoupled”) case from the
latter (“overcoupled”) case, due to the use of a mirror reflectivity exactly at (or too close to)
R1,optim., would cause a sudden phase shift ofπ in the total reflected e-field (c.f. Eq. 2.74), which
would interfere with the acquisition of stable lock for beam resonances in the PRC.

∆R1 Re Eref, promptEref, tot〈 | 〉
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2.5.5 Optimization of the “Schnupp” Length Asymmetry

As described above, the Schnupp Length Asymmetry Scheme in the Initial-LIGO configu-
ration is designed to maximize the amount of RF-sideband power emerging from the
beamsplitter exit (signal) port. These exiting sideband fields, by being added to the carrier
fields which exit through the signal port due to GW-perturbations of the arms, serve as a
local oscillator for heterodyne detection of the gravitational waves.

Contrary to naive expectations, the way to maximize this emerging local oscillator
power isnot by making the sideband beams coming from the inline and offline interferom-
eter arms experience total constructive interference at the exit port; this would cause all of
the sideband power to exit the interferometer after only a single pass through the system.
As will be seen, the optimum choice forLAsymm is the one which extracts a carefully spec-
ified fraction of the sideband power during each round-trip pass, such that a balance is
struck between allowing the sidebands to take advantage of the gain due to Power Recy-
cling, while not keeping them in the system so long that too much of the sideband power is
dissipated as losses in the interferometer.

For the following analysis, let ,  be the parameters of the Power
Recycling Mirror, and let the reflection and transmission amplitudes of the (possibly non-
50%-50%) beamsplitter from the various directions be, as per Fig. 2.9: , ,

, and . Furthermore, let thetotal reflection amplitudes from the inline and
offline paths (including theresonant reflections from the Fabry-Perot arm cavities) be rep-
resented algebraically by the complex amplitudes:  and

. Here,ΦSymm represents all phase shifts that are common to
both paths (including, for this calculation, the phase of propagation from the Power Recy-
cling Mirror to the beamsplitter), whileΦAsymm represents (half of) the net phase differ-
ence between the paths. For perfectly balanced arm cavities, in which all of the differential
phase shift comes from the Schnupp length asymmetry, we would have (for round-trips
along ):

(2.78)

With these definitions, the resonant e-field built up in the PRC can be calculated as:

(2.79)
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This result can then be used to compute the amplitude of the sideband field exiting from
the signal port, as follows:

(2.80)

While this formula for the e-field to be maximized is quite complicated, the interpretation
is simple, and proves our earlier claim: the numerator term in braces represents the amount
of local oscillator light extracted per interferometer round-trip, the denominator term in
braces represents the gain due to Power Recycling (given the “loss” due to the extraction),
and it is the ratio of these two effects which must be optimized with respect toΦAsymm, in
order to maximize the exit port sideband power.

It is possible to find a simple, closed-form solution to the maximization problem if we
make the approximations , , and .
The resonance condition for the PRC then becomes , and we get:

(2.81)

It is not difficult to show that  is now maximized by the choice:

(2.82)

Assuming for now that the approximations used to derive Eq. 2.82 are valid, we must pre-
scribe a method by which this relationship can be achieved for the e-fields in the simula-
tion program.

First of all, ther andt values that are to be plugged into Eq. 2.82 (or into an equivalent
formula derived without approximations) must correctly represent the action of the realis-
tically imperfect mirrors upon the interferometer fields. To that end, the program calcu-
lates “effective” reflectivities and transmissions by comparing the power in an e-field
before vs.after its interaction with a mirror or arm cavity. By using e-fields that are in the
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process of being relaxed to steady-state for constructing these effectiver andt values, one
takes into account how the mirrors truly shape interferometer power buildup. In addition,
the program only considers beam power that is in the TEM00 spatial mode for these calcu-
lations, since the generated local oscillator light must have the same modal structure as the
GW-induced signal light in order to contribute to the GW-sensitivity. This GW-induced
signal light is coming from the Fabry-Perot arm cavities (which resonantly amplify the
TEM00 mode, and suppress the higher modes), and it will therefore be predominantly in
that lowest order mode.

The program measuresΦAsymm by taking the overlap integral (c.f. Eq. 2.68) between
the RF-sideband e-fields approaching the beamsplitter exit port from the inline and offline
paths of the interferometer. To bringΦAsymm to a value which satisfies Eq. 2.82,macro-
scopic adjustments (up to ~1 mm per step) are made toLAsymm during the sideband simu-
lation run as the interferometer fields are being relaxed. These adjustments are differential
length changes:  is added toL2 and subtracted fromL3. Since the ambiguity

 exists, the program makes sure that thesign of ∆LAsymm
is chosen in order to pick the smaller total adjustment that would be needed to satisfy Eq.
2.82. Furthermore, in order to minimize any change that the carrier beam would experi-
ence because of the altered Schnupp asymmetry length (especially differences in the car-
rier dark-fringe at the beamsplitter exit port), the change to each arm path, , is
restricted to be an integral multiple of . In any case, though the change in carrier
behavior due to Schnupp Length Asymmetry optimization is generally negligible, the pro-
gram is set up so that both the carrier and sideband runs may be re-performed with the
optimized (and now fixed)LAsymm.

Regarding the optimization formula, Eq. 2.82, it is apparent that the best value for
LAsymm has a direct dependence upon the precise sideband frequency,νmod (via kmod).
This fact has two important implications: first, the adjustments toLAsymm cannot begin
until enough iterations have passed so that the sideband frequency optimization process is
mostly complete, andνmod is near its final value; and second, the two optimization proce-
dures must not be active at the same time, since they interfere with one another. In prac-
tice, adjustments toνmod occur in two stages: before theLAsymm optimization has begun
(to start out by bringing the sideband frequency to the approximately correct value), and
again after theLAsymm optimization has finished (to refineνmod for the conclusion of the
run). Even during the active part of theLAsymm optimization process, changes to the asym-
metry length are few and far between (only once every ~200 iterations), and are in fact
suppressed when the desired∆LAsymm reaches below a certain (reasonably large) thresh-
old, because changes toLAsymm cause significant disruptions for the e-field relaxation pro-
cess. If multiple changes are made toLAsymm without allowing the e-fields to re-relax
sufficiently between adjustments, then the Schnupp asymmetry length does not settle
down to a convergent value.

∆LAsymm 2⁄
ΦAsymm( )cos Φ– Asymm( )cos=
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We wrap up this subsection by deriving theLAsymm optimization requirement for the
case where the approximations leading to Eq. 2.82 do not hold, i.e., an interferometer with
inline and offline beam paths that are unbalanced, possibly due to optical imperfections. In
this case, the power in the full , as expressed in Eq. 2.80, must be maximized.

First, we consider the requirement for sideband resonance in the PRC, which is now
more complicated then before. PRC resonance requires that the term that is subtracted
from unity in the denominator of Eq. 2.80 must be maximized, which is done by making it
purelyreal andpositive. Zeroing out the imaginary component yields the result:

(2.83)

It is clear in Eq. 2.83 that optimization of the RF-sideband frequency (via specification of
) for PRC resonance is directly affected by imbalance between the interferometer

arms, and that this effect is weighted by and , as has been asserted previously
in Sec. 2.5.3.

By inserting Eq. 2.83 into Eq. 2.80, and using the fact that the denominator is now
purely real, we derive (after some algebra) the quantity to be maximized byLAsymm opti-
mization, as follows:

(2.84)

A closed-form solution for the maximum of Eq. 2.84 with respect to  is not
only somewhat difficult to obtain, but would also be complicated enough (and would rely
upon very delicate cancellations for setting the derivative equal to zero) so that it would be
difficult to trust its validity, given the fact that the simulation program must use “effective”
r andt values rather than precise analytical quantities for this optimization process. As an
alternative, therefore, we have put Eq. 2.84 itself directly into the program, and each
adjustment toLAsymm is computed by using a numerical search routine (a “golden section”
search from Numerical Recipes in Fortran [31]) to determine the value of  that
maximizes Eq. 2.84, given the values ofr andt computed from the interferometer e-fields.

The result of the procedures discussed in this subsection, is an effective and reliable
algorithm for maximizing the RF-sideband local oscillator power in an interferometer
with significant optical imperfections, and also one that operates well in conjunction with
all of the other optimization procedures that are implemented by the simulation program.
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2.5.6 Sideband modulation depth optimization

Each of the optimization procedures discussed so far are limited in the sense that they deal
with either the carrier or the sideband — never with both. Thus they do nothing to strike a
balance between the needs of the carrier and those of the RF-sideband(s), in an interfer-
ometer with deformations. Furthermore, none of these optimizers aredirectly linked to
maximizing the shot-noise-limited sensitivity of the system, . These consider-
ations will therefore be dealt with by one more optimization procedure that is used in our
simulation efforts: optimization of the RF-sidebandmodulation depth.

When a run is performed by the simulation program, the power of the (carrier or side-
band) beam that excites the interferometer at the Power Recycling Mirror is specified as 1
Watt. In the real LIGO, the useful excitation laser power will be larger than this (perhaps 6
Watts for the first-generation interferometers), and will represent a fixed amount of total
power that must be divided between the carrier and sideband beams by electro-optic phase
modulation at radio frequencies (~24 MHz). The division of laser power between the car-
rier and its sidebands is determined by the modulation depth,Γ, and the proper selection
of this parameter (determined by optimizing ) can only be determined after the
simulation runs are complete; that is, once the behavior of the carrier and sideband fields
in the realistically imperfect interferometer are computed. The optimization ofΓ is there-
fore done as apost-processing step, which is handled during the analysis that follows the
finished runs. At that point, it is a simple matter to multiply all of the simulated e-field
powers by the true normalization of the carrier and sideband excitation beams. As inferred
above, the other optimization routines that are active within the program may harm the
sidebands (i.e., reduce their useful power) in order to help the carrier, or vice-versa; but the
optimization of the modulation depth addresses this problem by striking the right balance
between the carrier and sideband requirements.

The process of electro-optic modulation is mathematically represented as follows:

(2.85)

where  is the carrier angular frequency,  is the modulation angu-
lar frequency for the sidebands, andΓ, as stated above, is the modulation depth. This
expression for the phase-modulated beam can be expanded in terms of an infinite series of
Bessel functions of the first kind, Jn(x), using generating functions [50], via the result:
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(2.86)

where the last step was accomplished by using the property , for
integral n.

BecauseΓ will be small, the higher-order terms in this series will be unimportant —
assuming that they are non-resonant in the Fabry-Perot arm cavity (c.f. Eq. 2.59 and ensu-
ing discussion) — and may be dropped, thus yielding the following expression for the
modulated laser field:

(2.87)

The first term on the bottom line of Eq. 2.87 represents the carrier beam that remains
after modulation, and the other two terms represent the first-order, upper and lower (“+/-”)
sidebands. These are the three laser frequencies which are modelled by the program for
Initial-LIGO simulations. The remaining terms in the Bessel function series, which could
lead to unpredictable control system behavior in LIGO if they were not very small, are not
simulated; but Bessel functions with  are quite small forΓ much less than 1, which
is a condition that our optimized choices of modulation depth always satisfy.

The carrier and its RF-sidebands both contribute to the GW-signal, and because of
their ejection at the beamsplitter exit port — unavoidable ejection for the carrier due to
imperfect dark-fringe contrast, but deliberate ejection for the sideband in order to produce
local oscillator light — they both contribute to the shot noise that competes with this sig-
nal, as well. The optimal modulation depth is therefore determined via maximization of
the ratio of GW-signal to shot noise. This ratio, which will be given explicitly in Eq. 3.3 of
Section 3.1, and which is computed in Appendix D, is optimized with respect toΓ by run-
ning a small program in Mathematica [51] which we have written for this purpose.
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In addition to the straightforward optimization of the shot-noise-limited sensitivity, we
also keep an eye on thetotal amount of power (carrier and sideband) which falls upon the
signal detection photodiode at the beamsplitter exit port. This quantity is also dependent
uponΓ, and it is important to make sure that it is not excessive.

2.6 Verifications of the simulation program

In order for the LIGO simulation program to be a trusted resource for the research and
development of gravitational-wave interferometers, it must be demonstrated to be a highly
accurate and sufficiently complete model of reality. We have therefore performed rigorous
tests of program algorithms and results to confirm that the outputs of our simulation runs
are self-consistent, intuitively sensible, and in accordance with theoretical predictions.

The most conclusive test possible would naturally be the direct comparison of experi-
mental and simulated results for a cavity system possessing optics that have been precisely
measured, with those measurements being incorporated into the program as maps for the
modelled mirrors. Unfortunately, due to the difference inscale between a table-top experi-
ment that could be done, and a full-LIGO interferometer, it is not possible to perform such a
comparison in a way that would produce meaningful results. This is mainly due to the size of
a focused LIGO beam, which is large in order to prevent significant expansion of the beam
spot size during propagation through the four-kilometer long Fabry-Perot arm cavities1.

This large beam size has many important ramifications that would complicate such an
experimental comparison. First of all, unlike table-top experiments where the beams are
typically much smaller than the sizes of the optics, the LIGO beams effectively fill the
mirrors, so that ~1-2 parts per million (“ppm”) of power are lost from the edges of the mir-
ror for each reflection or transmission. This diffractive loss (which would be insignificant
for a table-top setup) is unavoidable, since it is not currently possible to maintain LIGO-
required mirror quality over the entire surface of an exceptionally large optic. In addition,
the larger beam size means that the typical spatial wavelengths of deformations that it
samples are larger [52]; and since the power spectrum of deformations rises for larger
wavelengths/smaller wavenumbers (as shown in Appendix B), this means that LIGO is
sampling larger-amplitude mirror deformations than a table-top experiment would be
doing. Furthermore, since the mirror deformations relevant for the smaller (table-top)
beam size would be much lower in amplitude, they would be extremely difficult to mea-
sure accurately enough in order to be reliably incorporated into the simulation program as
mirror maps. For all of these reasons, it is not possible to perform realistic simulations of
LIGO beam behavior without modelling a LIGO-sized beam. Even the possibility of con-

1.  The existence of the long-baseline arms themselves makes comparisons with a table-top experiment
difficult, both because of high scattering losses due to the large propagation lengths and small mirror
sizes, and — assuming a simple table-top experiment without arm cavities — because of the effects of
these cavities upon the resonance properties of the coupled-cavity system (see, e.g., Sec. 4.3.2).
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structing a table-top experiment with a strong focusing element in order to produce a large
beam size would be an inadequate solution, since then it is the focusing element which
would dominate the behavior of the system, and our grid-based optical simulation pro-
gram is ill-equipped (see Sec. 2.3) to model a system where the size of the beam (and
hence the grid pixelization) changes dramatically from one location to another, such as
what happens when a strong focusing element is included.

In lieu of the ability to make direct experimental comparisons, we have performed a
number of comparisons with the theoretical and computational work of other researchers,
in order to individually check various aspects of our program’s optical operations. We
have also implemented many “sanity checks” in the code, and have monitored the results
to ensure that they are sensible and theoretically justifiable. This process has led to many
refinements of the program that have been documented earlier in this chapter, and has pro-
duced results that have given us confidence in the output of our simulation runs.

The rest of this section is devoted to giving a description of the checks and verification
tests that we have performed in order to guarantee the realism and accuracy of the model.

2.6.1 Analytical, empirical, and algorithmic verifications

First of all, we discuss the common-sense tests, or “sanity checks”, which we have done as
a matter of course to make sure that the program does not behave in an overtly unphysical
manner. The most basic of these tests are checks of the results of runs performed with per-
fectly smooth (but finite-sized) mirror maps. The built-up cavity powers for these runs pre-
cisely match the predictions of analytical resonance formulas for Initial- and Advanced-
LIGO runs; for example, the full GW-frequency response curves obtained for Dual Recy-
cling runs (see Figure 4.4 of Sec. 4.2.3) are precisely in accord with theoretical predic-
tions. These theoretical agreements are obtained by factoring in the effects of the ~1-2
ppm of diffractive loss due to the apertures of the Fabry-Perot arm cavity mirrors. On the
whole, when testing a run, we can meticulously account for all of the power that has been
injected into the interferometer, whether it has been lost by supporting cavity resonance
(i.e., absorbed by the mirrors after many bounces), leaked out through the exit-port of the
system, leaked back to the laser in reflection from the Power Recycling Mirror, or scat-
tered out beyond the mirror edges (which we can quantify by measuring what is absent
after one propagation, and/or measuring the power eliminated by a finite mirror aperture).
The total always comes to an amount acceptably close (given uncertainties) to the 1 Watt
of carrier and/or sideband power that is exciting the system.

For runs with deformed mirrors, the modal structure of the interferometer electric
fields remains consistent with theoretical expectations. Mirror tilts primarily create
TEM10 and/or TEM01 modes, with the ratio of the two depending upon the orientation of
the tilt axis. Mirror curvature mismatch leads to power in the “donut” modes, TEM20 and
TEM02, as expected. Polynomial deformations (Zernike polynomials) with even parity
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lead to the presence of even-index beam deformation modes, and odd-parity Zernikes lead
to odd-index deformation modes. Perturbations that are anti-symmetrically applied to the
inline and offline interferometer arms cause power to leak out of the beamsplitter exit port,
while symmetrically-applied perturbations cause power to leak out in reflection from the
Power Recycling Mirror (though both types of losses are suppressed as much as possible
by interferometer optimization procedures). Direct visual inspection of the relaxed inter-
ferometer fields often shows clear signs of the type(s) of mirror imperfections which have
been included. And the behavioral trends of the cavity e-fields are reasonable for even
highly and non-symmetrically deformed mirrors: the losses experienced by the e-fields
have a fairly goodquadratic dependence upon the amplitude of the deformations ([52],
and see Sec. 3.3), and the GW-sensitivity curves for Dual Recycling runs consistently
retain their basic theoretical shape, essentially just decreasing in overall amplitude (see
Sec. 4.2.3). Even the modal distributions of the deformed cavity e-fields show a clear
dependence uponnot only the deformations that are prevalent in the particular mirror
maps being used, but also upon the exact resonance conditions of the interferometer cavi-
ties — e.g., TEMmn modes with  are analytically predicted to be alittle more
resonant in the arm cavities than the other non-TEM00 modes, and the program does
indeed find them to be somewhat more prevalent when a variety of modes are excited by
mirror imperfections.

The accuracy of the program is also guaranteed by several algorithms that have been
discussed previously, which enforce physical correctness. An algorithm that enforces
energy conservation for every pixel of the constructed mirror maps has been described
above in Sec. 2.3.3.2. Section 2.3.4 has elucidated how the pixelized grids are designed to
provide a correct representation of the optical system, including the adequate sampling of
the Gaussian-profile laser beams, a method of propagation that is specially modified in
order to curb “position-space” aliasing, and also included a careful examination of the
physical limitations of deformations that can be modelled with our grid parameters. Sec-
tion 2.3.3.4 has shown how measurement maps of real, deformed mirrors are carefully
prepared for accurate representation in the simulation runs; and Sec. 2.4 shows how all of
the electric fields in the interferometer are relaxed to their mathematically-specified
steady-state configurations. Even therelevance of the program’s output results for LIGO is
made manifest by the numerous optimization procedures described in Sec. 2.5, which tai-
lor the simulated interferometer to achieve an optimum sensitivity to gravitational waves.
As a whole, the program has been designed with all of these detailed algorithms for verify-
ing the physics of the model, as well as many internal cross-checks, in order to ensure that
it correctly simulates physical reality.

Nevertheless, what is more important than self-consistency algorithms and checks are
external comparisons of our work with results obtained by other researches, using differ-
ent methods. Each of the following subsections is therefore dedicated to an external com-
parison which verifies an important aspect of our program’s simulational method.

m n+ 3=
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2.6.2 Testing the propagation engine and diffractive beam behavior

The first external comparison test was designed to check the core mechanisms of our pro-
gram: beam propagations, and interactions with finite-sized mirrors. This test verifies the
fundamental validity of the grid-based representation of the optics, the FFT-based propa-
gators, the reflection and transmission operations for smooth (“perfect”) mirrors, and the
effects of diffractive loss due to the mirror apertures.

Our simulation-based “experiment” was the following: after injecting an initial excita-
tion beam into a Fabry-Perot cavity, the cavity was sealed off, allowing the cavity e-field
to bounce back and forth between the mirrors until fading away via transient decay. Each
of the mirrors were ideal, 100% reflective surfaces, with no lossesexcept for the cut-off of
all light falling outside of the mirror apertures. The test was to determine the final decay
rate of the oscillating beam as it settled into the spatial mode structure which was most
persistent against dying away.

Though this cavity does not have resonant modesper se, because it is not fed by a
renewing excitation beam, it can be said to have eigenmodes of a sort in the sense that the
shape of an “eigenmode” would be unchanged after a round-trip through the cavity, even
though the amplitude of the mode would decrease during each apertured mirror reflection.
These transient modes would be similar, but not identical to, the typical Hermite-Gaussian
modes of a perfect cavity, with the differences being most pronounced at the edges of the
beam near the mirror apertures. The initial excitation beam that is injected into to the sys-
tem — mostly Hermite-Gaussian TEM00, but with a little randomized field added to speed
the “convergence” to the asymptotic e-field state — will excite all of the transient cavity
modes to some greater or lesser degree, up to the limits of the discrete, finite gridding.

Each of the transient modes ( ) can be assigned an accompanying “eigenvalue”
(λmn) for the act of round-trip propagation through the cavity, as follows:

(2.88)

These eigenvalues would not only contain the (usual) round-trip phases for each cavity
mode, but they would also contain information about the round-trip diffractive loss experi-
enced by that mode; unlike normal eigenvalues, therefore, theseλmn have magnitudes less
than unity. We can define a round-trip loss fraction for each mode as follows:

(2.89)

Since one mode (assuming system nondegeneracy) must have a lower round-trip loss frac-
tion (i.e., a larger eigenvalue) than all the other modes, this “principle cavity mode” will
decay away more slowly than all others, and the oscillating cavity e-field will eventually
asymptote to this mode. Once the convergence to the lowest-loss mode has occurred, its
loss fraction,L00, is a good parameter for evaluating the accuracy of the numerical cavity

Φmn

R.T. Φmn{ } λmn Φmn⋅=

Lmn 100% 1 λmn–
2( )×=
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simulation.

Finite-mirror cavity simulations of this kind have been done previously by Li [53] and
by Kortz and Weber [20]. Li used the scalar formulation of Huygens’ principle to generate
Fresnel-Kirchoff integral equations1 for the round-trip propagation of light within the cav-
ity, and numerically solved them for the two lowest cavity modes. The loss values for
these modes,L00 andL10, were plotted versus mirror aperture size, for a few cavity geom-
etries org-factors. Kortz and Weber used a somewhat more modern approach, which
treated cavities in a more general way, to obtain similar results, for a (discrete) selection of
aperture sizes, withL00 plotted against a continuum of g-factors. By comparing ourL00
results to those of these other researchers, we can provide a program verification which
not only spans different investigators, but a completely different method of optical propa-
gations as well.

In Figure 2.10, we reproduce Fig. 3 from [20], containing the results of Li’s and Kortz
and Weber’s results; to this figure which we have added our results (marked by X’s) for the
asymptotic loss fraction (presumablyL00) of the cavity e-field. As Kortz & Weber have
done, our simulation was of a symmetrical resonator with mirrors having radii of curva-
ture , bounded by “normalized” aperture sizes , which are defined
according to:

(2.90)

with  being the physical mirror aperture radius, andω being the spot-size radius (at the
mirrors) of an idealized TEM00 beam that is matched to the cavity. This parameters is
related to theFresnel Number [17], Nf, of the resonator by the formula . The g-
factor for this symmetric cavity (of lengthL) is given by:

(2.91)

In [20] it is stated that the diffraction loss problem is re-scalable, so that it can be com-
pletely characterized bys andg, regardless of different individual values of , ,L, and
R. The result comparisons presented here will therefore be uniquely parameterized bys
andg.

We have generated eight data points, usings = 1.0, 1.2, 1.3, and 1.5, each for two dif-
ferent g-factors:  and . For the record, all runs were performed with mirror curva-
ture radii of , where the different g-factors were produced by cavity lengths
of, respectively,  and . Argon-ion laser light was used for these

1.  These integral equations are what we have replaced with FFT-based propagations, by using the
paraxial beam approximation.
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Figure 2.10:Power loss fraction versus g-factor for electric field round-trips through a
cavity de-excited by diffraction losses from finite-sized mirror apertures.

Power loss per full resonator round trip for the two-aperture
case for four different adapting factors of the aperture size
to the Gaussian beam size.

Eig

R.T.{Eig}

g
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runs, with a wavelength of . The mirror spot size radii are obtained via
, and the physical aperture sizes can be computed via Eq. 2.90.

Our data points match up very well in Fig. 2.10 with the comparison data; especially
given the unknown computational parameters used by the previous authors, such as grid-
ding resolution, numerical accuracy used, their requirements for “convergence” to the final
asymptotic state, and so on. We can therefore consider this to be a successful test of the
fundamental engine for the physics of beam optics that we use in our code.

In addition to the level of program confidence that is achieved by this test, there was
one other important result of these comparison runs: they provided our first direct detec-
tion of the effects ofposition-space aliasing. As described in Sec. 2.3.4.3, this form of
aliasing occurs when a mode with very high spatial frequency (i.e., large propagation
angle with respect to the main beam axis) propagates beyond the calculational window on
one side, and then re-appears from the other side, coming far enough back in to land
within the aperture of the destination mirror. In these diffraction-loss test runs, we have
indeed found that there was an alias mode with a lower loss fraction thanL00; and even
though it began by possessing a very low amplitude in the initial beam, after very many
round-trips it was able to pass by the lowest-order mode and become the dominant mode
in the system1. This aliasing-induced transition was marked by a sudden spike that inter-
rupted the decreasing trend of “convergence errors”, by the switch of the relaxing round-
trip loss fraction from a moderate value ofL00 to an unreasonably low value, and by the
predominance of an extremely “ragged” mode in the cavity (the mode shown previously in
Fig. 2.8), which replaced the smooth, TEM00-like mode that dominated the asymptotic
behavior of the system when the round-trip loss fraction was still equal to its correctL00
value.

The implementation of our anti-aliasing procedure from Sec. 2.3.4.3, however, has
been completely successful at eliminating the effects of aliasing in these diffraction-loss
test runs, and has led to the results shown above in Fig. 2.10. The enactment of this pro-
gram test has therefore not only verified the current correctness of the algorithm we use for
propagation, but has also been partly responsible for it making it correct in the first place.

2.6.3 Verification for geometric deformations: mirror tilts

The second program verification test that we performed involved runs with “imperfect”
mirrors. The imperfections used weregeometric deformations (i.e., tilts or mirror curva-
ture errors); in this case, tilts were used. We compared our results to those generated by
LIGO colleagues using a “Modal Model” program that they have developed [18], in order
to compute the distribution of e-field power between a few low order modes (TEM00,
TEM10, TEM01, ...) for interferometer optics with geometric deformations. The Modal

1.  This was possible because there was no permanent TEM00 excitation beam to continuously feed
the cavity with modes that dwarfed the alias mode.

λ 514 nm=
ω λ L π 1 g2–( )⁄=
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Model program involves direct analytical calculations for small matrices representing the
modes in their model, and therefore serves as a good source of comparison for us, since it
utilizes a completely different algorithm than the FFT-based propagations used by our pro-
gram.

With the assistance of D. Sigg and N. Mavalvala, comparison runs were performed for
the carrier and RF-sideband frequency beams, using decompositions of the resulting
steady-state e-fields into their Hermite-Gaussian TEM00, TEM10, and TEM01 compo-
nents. As depicted in Figure 2.11, two tilts were applied in the Initial-LIGO interferome-
ter: a tilt causing a phase gradient along the y-axis (TEM01-axis) for the inline arm cavity
input mirror, and a tilt causing an x-axis (TEM10-axis) phase gradient for the back mirror
of the Fabry-Perot arm cavity. The e-fields were analyzed (modally decomposed) at the
five locations indicated in the figure: inside each of the Fabry-Perot arm cavities, in the
Power Recycling Cavity, at the exit (dark) port of the beamsplitter, and in reflection from
the interferometer.

Figure 2.11:Simulation of an interferometer with tilted mirrors, for program verification.

Table 2.4 shows the comparison between the results of our simulation program
(“FFT”), and those of the Modal Model (“M.M.”), with all power values normalized to 1
Watt of carrier/sideband excitation laser light. The agreement is profound, with very few
discrepancies of note (and always in modes with very small total powers). Given the fact
that these two methods of performing interferometer simulations were developed in com-
plete isolation from one another, with different algorithms and different basic capabilities,
this comparison constitutes a strong verification of both of these LIGO simulation tools.
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Table 2.4:Comparison of results between the Modal Model (M.M.) and our simulation
program (FFT), for electric fields at the locations labelled in Figure 2.11.

Carrier E-Field/
Position

TEM 00
Power

TEM 10
Power

TEM 01
Power

Arm 1 (FFT) 2462.26 1.89859x10-4 2.27572x10-5

Arm 1 (M.M.) 2462.26 1.89859x10-4 2.27572x10-5

Arm 2 (FFT) 2462.26 4.23609x10-9 3.25929x10-10

Arm 2 (M.M.) 2462.26 4.23618x10-9 3.25904x10-10

Rec (FFT) 37.8732 7.44302x10-7 5.72611x10-8

Rec (M.M.) 37.8732 7.44284x10-7 5.72659x10-8

Refl (FFT) 9.18050x10-5 2.05475x10-8 1.55318x10-9

Refl (M.M.) 9.18084x10-5 2.05469x10-8 1.55335x10-9

Dark (FFT) 6.403x10-14 2.90692x10-6 1.14517x10-7

Dark (M.M.) 2.241x10-12 2.90686x10-6 1.14536x10-7

Sideband E-Field/
Position

TEM 00
Power

TEM 10
Power

TEM 01
Power

Arm 1 (FFT) 0.140946 1.12104x10-6 2.12684x10-7

Arm 1 (M.M.) 0.140946 1.09742x10-6 2.17620x10-7

Arm 2 (FFT) 0.140946 8.39382x10-7 1.97733x10-7

Arm 2 (M.M.) 0.140946 8.16650x10-7 2.02886x10-7

Rec (FFT) 37.1454 7.16416x10-5 1.78193x10-5

Rec (M.M.) 37.1455 7.17492x10-5 1.78251x10-5

Refl (FFT) 1.11418x10-7 1.98492x10-6 4.92624x10-7

Refl (M.M.) 8.88168x10-8 1.98365x10-6 4.92794x10-7

Dark (FFT) 0.985081 1.93300x10-6 1.01603x10-7

Dark (M.M.) 0.985082 1.92905x10-6 1.01376x10-7
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2.6.4 More complex mirror structure: Zernike deformations

The third and last program verification test to be presented here involves runs with mirror
deformations that are more complex than geometric deformations. Specifically, we used
deformations in the form of variousZernike polynomials [32], functions that are typically
used to characterize mirror structure because they are conveniently designed to model
common types of phase distortion profiles, and on finite-sized mirrors. Though not as fully
general as “real mirror” maps would be, Zernike-shaped deformations are complex
enough to represent a good test of our program because they create nontrivial e-field struc-
ture, while still remaining simple enough for their effects to be calculated analytically, in
order to present useful data for the comparison of results against those obtained by the
simulation program.

The results of our program were compared to analytical work done by other LIGO col-
leagues [54], using a perturbative approach which finds (up to second order) thenew prin-
ciple modes for the light in a cavity with deformed mirrors, in terms of the unperturbed
modes of the “perfect” system (i.e., perfectly smooth profiles on infinite-sized mirrors).
An important approximation that is assumed in this method (and one which is easily satis-
fied), is that the mirror deformations are small enough so that after a single round-trip of
any given mode, the amount of power that remains in the initial mode is much greater than
the total power that has been converted into all the other modes.

The optical system for which this test was done is simpler than the complete LIGO
interferometer1: it consisted of one (perturbed) Fabry-Perot arm cavity possessing a
Zernike-deformed surface on either its front or back mirror, and one (idealized) Fabry-
Perot cavity with perfectly smooth mirrors, with the (carrier frequency) light reflected
from the two arm cavities getting re-combined by an idealized beamsplitter. For this mod-
elled system, there were two figures of merit for comparison between the perturbative cal-
culations and the numerical simulation program. The first one, , is related to the
degradation of power built-up inside the perturbed cavity due to the deformed surface,
compared to the power inside the perfect arm cavity:

(2.92)

The second figure of merit is theContrast Defect (C. D.) at the idealized beamsplitter,
which characterizes limitations to the totality of the dark-fringe that is achieved at the
beamsplitter exit port. It is computed from the amount of power emerging from the
“bright” and “dark” beamsplitter ports, as follows:

1.  The perturbative computations, and the FFT-based simulation runs done to compare with them,
were performed by P. Saha, utilizing a somewhat older version of the numerical simulation code.

α

α 1
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----------------------------------–≡



103

(2.93)

The Zernike functions (enumerated by indicesn, l) that we used for these tests are
derived from those detailed in [32], which were defined over the unit circle and normal-
ized to give unity rms when integrated over that area:

(2.94)

To prepare these functions for the comparison runs, we “squeezed” these Zernikes later-
ally (without amplitude renormalization), in order to fit them within our finite-sized mir-
rors, which possessed aperture radii of 25 cm. Following that, the squeezed Zernike
functions were multiplied by an overall scale factor of  (with

), in order to simulate a “realistic” level of deformations for a very good
mirror.

A comparison between the results of the perturbative calculations and those from runs
of the numerical simulation program, using a variety of these modified Zernikes on either
the front (i.e., input) or back mirror of the perturbed Fabry-Perot arm cavity, is presented
in Table 2.5. Once again, we see that there is a very good agreement between the two
methods used for most of these generated output values. The only substantial differences
are for  in cases of even-index Zernikes, and those discrepancies were later attributed to
a small degree of mis-centering of the mirror maps in the simulation program, a problem
which was fixed at an early stage of our research.
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Table 2.5:Comparison of results between perturbative calculations and our numerical
simulation program for Fabry-Perot cavity mirrors with Zernike polynomial deformations.

With the completion of this final verification test, we conclude the technical exposition
of our interferometer simulation program, and proceed during the next two chapters to
present the results of our research into the Initial- and Advanced-LIGO configurations.

Front Mirror Perturbations

Zernike Contrast Defect (C.D.) Arm Power Decrease (α)

Z (n,l)
Numerical

(FFT)
Analytical

(Perturbative)
Numerical

(FFT)
Analytical

(Perturbative)

Z (5,1) 1.36x10-4 1.35x10-4 1.64x10-4 1.68x10-4

Z (6,0) 2.54x10-5 2.60x10-5 4.01x10-5 7.71x10-5

Z (7,1) 4.02x10-4 4.10x10-4 4.05x10-5 3.79x10-4

Z (8,0) 9.39x10-5 9.74x10-5 1.99x10-4 1.17x10-4

Z (9,1) 1.01x10-3 9.80x10-4 8.77x10-4 7.70x10-4

Back Mirror Perturbations

Zernike Contrast Defect (C.D.) Arm Power Decrease (α)

Z (n,l)
Numerical

(FFT)
Analytical

(Perturbative)
Numerical

(FFT)
Analytical

(Perturbative)

Z (5,1)       1.11x10-3       1.07x10-3       6.14x10-4       5.93x10-4

Z (6,0)       4.71x10-4       4.54x10-4       4.17x10-4       2.12x10-4

Z (7,1)       2.18x10-3       2.18x10-3       1.11x10-3       1.76x10-3

Z (8,0)       9.56x10-4       9.28x10-4       5.65x10-4       7.16x10-4

Z (9,1)       2.69x10-3       2.63x10-3       3.42x10-3       3.77x10-3
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Chapter 3

Simulations of an Initial-LIGO
interferometer with optical deformations

In this chapter, we demonstrate the code with a set of runs incorporating measurement
maps made from excellent quality mirrors. The simulations done were of an interferome-
ter possessing the Initial-LIGO configuration, as depicted in Figure 1.5, and as discussed
in Section 2.1.2. For these runs, the only interferometer imperfections used were the afore-
mentioned measurement-derived deformation maps, the finite sizes of the mirrors, and a
small amount of pure loss (50 parts per million = 50 “ppm”) for each optic. This small loss
component is included to account for the effects of power absorption in the mirror sub-
strates and coatings, as well as high-angle scattering losses that are due to roughness finer
than the resolution of our grids, which we cannot directly model1. The back mirrors of the
arm cavities are each given an extra 10 ppm of loss to represent the finite transmission out
of the interferometer that is allowed for control system purposes. These and all other inter-
ferometer parameters have been listed previously in Table 2.1.

A set of five runs with different mirror deformation maps has been performed with the
simulation program. The first run was done with perfectly smooth mirror substrates and
surfaces (a “perfect interferometer”), but the other four runs were done with: (i) deformed
substrate maps for all of the mirrors, and, (ii) deformed surface maps for all mirrors from,
respectively, theλ/1800,λ/1200,λ/800, orλ/400 families. These surface and substrate
(“real mirror”) deformation maps have been generated via the method discussed in Section
2.3.3.4, with , and with theλ/1800 surface maps havingrms defor-
mations of ~.6 nm when sampled over regions of radius 4 cm, in the central portion of the
optic. The four runs with their different families of surfaces all use the same mirror maps
in the same places, with the only difference between the runs being a straight scale factor
by which the normalization of the surface deformation amplitudes differ.

For all cases other than the “perfect mirrors” run, each (2-port) mirror was constructed
from one surface phase map and one substrate phase map, from which the program derives
mirror reflection and transmission operators via the method described in Sections 2.3.3.1–
2.3.3.3. The beamsplitter is constructed from one input surface map andtwo input sub-
strate maps (representing the inline and offline beamsplitter transmission paths, which dif-

1.  This power, however, scatters completely out of the system in the long-baseline Fabry-Perot arm
cavities, and can be treated as pure loss.

λ λYAG≡ 1.064µm=
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fer from one another), with its reflection and transmission operators being constructed by
a method that is similar in principle to the one used for 2-port mirrors, but that is general-
ized to be appropriate for 4 input/output ports.

For each run in this set, the simulated interferometer is completely optimized in the
sense of Section 2.5, with the final values of the optimized parameters being dependent
upon the particular severity of mirror deformations that are used for that run. The results
of these parameter optimizations will be displayed alongside the output powers of the sim-
ulated cavity e-fields, to be discussed in Sections 3.2 and 3.3, below.

Before proceeding on to the discussion of these runs, we first stress the importance of
studying realistically-deformed mirror maps in simulations of the full, coupled-cavity
LIGO system. Models which only consider simpler optical imperfections, such as geomet-
ric deformations (e.g., tilts, mirror curvature mismatch), may not capture the essential
qualities of operating a gravitational-wave interferometer with imperfect optics. An exam-
ple demonstrating this is the McClelland,et al., study [49] of a Dual-Recycled interferom-
eter1, which employs Power Recycling, as does the Initial-LIGO configuration (though
they modelled single-pass arms instead of Fabry-Perot arm cavities). Contrary to prior
expectations [26], what they initially found in their study was that mirror curvature mis-
match errors led tomore signal degradation for their (supposedly deformation-tolerant)
Dual Recycling configuration than for the configuration without Dual Recycling. The
cause of this lowered tolerance to curvature error was the accidental near-resonance (in the
additional, “Signal Recycling” cavity of the Dual-Recycled system) of the Hermite-Gaus-
sian TEM20 and TEM02 modes that were created by the curvature mismatch. The expected
behavior of improved tolerance to deformations for Dual Recycling was recovered by
changing the average curvature of the Michelson arm mirrors, thus pushing the TEM20
and TEM02 modes away from resonance. A solution of that kind, however, would be much
more difficult to implement in an interferometer with realistic mirror deformations, in
which every mode is excited to some greater or lesser degree, and any of them could be
accidentally resonant somewhere within the system of cavities. It therefore seems clear
that the performance of a complex, coupled-cavity system such as a LIGO interferometer
— either the Dual-Recycled versionor the Initial-LIGO configuration with its three cou-
pled cavities, one of them (the Power Recycling Cavity) being degenerately resonant for
all modes — must be examined in the “full jeopardy” of realistic mirror deformations, in
order to properly estimate its true capabilities.

The ensuing chapter is organized as follows: Section 3.1 begins with a general survey
of the output information that is created by the simulation program, in order to provide a
framework for understanding the results that are to be subsequently presented. Sections
3.2 and 3.3 show the output data from the five sample runs that we have performed, and

1.  A Dual-Recycled interferometer has been depicted in Figure 1.6, and simulations with Dual
Recycling will be discussed in Chapter 4.
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they provide both a quantitative comparison of these results with the performance require-
ments of the Initial-LIGO interferometers, and a qualitative analysis of what is revealed
about typical interferometer behavior. Section 3.4 extends the analysis to estimate the
effects of “realistic” mirror deformations upon LIGO science capabilities; and Section 3.5
concludes with a general discussion of the investigations in which our simulation program
has been used as a wide-ranging research and development tool within the LIGO Project.

3.1 Figures of merit for an Initial-LIGO detector

A complete set of runs with the simulation program — including the (separately done)
carrier and sideband runs, with all desired optimizations included — results in a complete
specification, to a significant level of realism, of the final, steady-state of the interferome-
ter. Of the vast amount of output data available, here are the primary quantities which we
can examine, either as raw output data or after some degree of post-processing:

• Therelaxed powers at any desired location in the interferometer, both the total power
in the electric fields and the power in any specified subset of beam modes (we choose
to compute the TEM00, TEM10, and TEM01 components). We have currently set up

the program to compute the e-fields and report the e-field powers at the locations indi-
cated previously in Fig. 2.2. These powers are labelled Prec (in the Power Recycling

Cavity, i.e., “PRC”), Pinline and Poffline (in the Fabry-Perot arm cavities), Pbright and

Pdark (at the output ports of the beamsplitter), Prefl (in reflection from the interferome-

ter), and Pout (or “Pexit-port”, at the interferometer exit/signal port). For the Initial-

LIGO configuration, ; but for the Advanced-LIGO configuration of Dual

Recycling, they are distinct, and the power at an additional location, Pdual, is recorded.

• Thecomplete relaxed e-fields at all desired locations, available either for viewing with
a graphics program [e.g., 56], or formodal decomposition into many Hermite-Gauss-
ian TEM beam modes, via a small program which we have written for that purpose
(see Appendix A). Modal decomposition greatly assists in the interpretation of inter-
ferometer conditions; for example, residual mirror tilts are denoted by the presence of
significant TEM10 or TEM01 power, and beam mismatch is indicated by significant

power in the TEM20 and TEM02 modes. Most importantly, the gravitational wave sig-

nal itself is derived solely from the TEM00 components of the relevant e-fields.

• Thecarrier contrast defect, which quantifies how well or how poorly a carrier dark-
fringe at the beamsplitter exit port was achieved for the imperfect interferometer. Defin-
ing Pbright as the power re-entering the Power Recycling Cavity (PRC) from the beam-

Pdark Pout≡
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splitter, and Pdark as the power exiting the interferometer, the contrast defect is given as:

(3.1)

A large contrast defect implies a substantial carrier power loss at the beamsplitter (and
thus a reduced power buildup in the Fabry-Perot arm cavities), as well as a large car-
rier contribution to the shot noise at the signal port photodetector, and an excess of raw
power falling on that photodetector.

• Theoptimized interferometer parameters, including all cavity lengths, the exact side-
band modulation frequency, the reflectivity of the Power Recycling Mirror, the
Schnupp asymmetry length, and (after post-processing optimization) the sideband
modulation depth. In addition to guaranteeing the optimized performance of the simu-
lated interferometer, knowledge of these parameters often has intrinsic value in terms
of LIGO design considerations.

• TheGW-strain-equivalent shot noise spectral density, , of a sin-

gle LIGO interferometer. This most significant output quantity allows us to directly
evaluate the sensitivity of the LIGO detector to astrophysical sources of gravitational
waves, given interferometers with realistic optical deformations, and including full
consideration of LIGO’s heterodyne gravitational-wave (GW) detection scheme.

As discussed in Section 1.2, the dominant noise sources for the Initial-LIGO interfer-
ometers are expected to be seismic, thermal, and photon shot noise; and insofar as optical
deformations principally affect theshot noise part of the detection limit1, it is the compu-
tation of  which we focus upon. Nevertheless, this shot noise function can be com-
bined with theexpected levels of seismic and thermal noise in order to represent the
overall noise envelope, , of a LIGO interferometer with a particular set of imperfect
optics. It can also be converted (see Sec. 3.4) into mathematical forms which are well-
suited for comparison with astrophysical predictions, in order to determine the effects of
optical deformations upon the capabilities of the Initial-LIGO to detect gravitational
waves of reasonable, anticipated strengths.

Figure 3.1 displays seismic, thermal, and shot noise curves that are plotted versus GW-
frequency,f, as noise spectral densities expressed in terms of the gravitational-wave Fou-
rier amplitudes, , that would induce an equivalent signal response in a LIGO interfer-

1.  The quality of the optics — and hence the quantity of circulating interferometer power — does
indeed determine the level of “radiation pressure” noise in the interferometer (which is arandom
force noise source like seismic or thermal noise); but the power in the interferometer excitation
laser beam will not be high enough for this radiation pressure fluctuation noise to be significant for
the Initial-LIGO detectors (though it would be for “Advanced-Subsystem” LIGO detectors using
~100 W of excitation laser power [12]), and thus we can neglect this noise source in our studies.

1 Contrast– 1 C– C. D.≡ ≡ 1
Pbright Pdark–

Pbright Pdark+
--------------------------------–

2 Pdark

Pbright
---------------≈=

h̃SN f( ) h̃SN νGW( )≡

h̃SN f( )

h̃ f( )

h̃ f( )
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ometer. These particular curves are the Initial-LIGO requirements [55] for the maximum
contributions that would be acceptable from each of these different noise sources. The
total noise envelope is obtained from these individual noise curves by adding them
together in quadrature, i.e., incoherent addition of uncorrelated noise is assumed.

Figure 3.1:Requirement curves for the primary noise sources that are expected to limit
the gravitational-wave sensitivity of the Initial-LIGO interferometers.

The full calculation of  is given in Appendix D. Here we present the resulting
expression, in terms of quantities obtainable from the output results of our numerical sim-
ulations. The shot noise sensitivity limit is expressed as equivalent to a monochromatic,
“transverse-traceless” (TT) gravitational wave of the form1 [2]:

(3.2)

that is incident upon a single interferometric detector with optimal incidence angle and
polarization, which would produce a unity signal-to-shot-noise ( ) ratio when sampled
over unity bandwidth (i.e., 1 second integration time). With these definitions, we have:

1.  This definition differs by  from the one given in Eq. 1.3, because here (and below)h is the
root-mean-square amplitude of the gravitational wave, rather than the peak amplitude.
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(3.3)

where: Plas is the total excitation laser power (before radio frequency modulation) in
Watts,hpl is Planck’s constant,  is the carrier laser frequency,η is the quantum effi-
ciency of the photodetector at the signal port, J0(Γ) and J1(Γ) represent, respectively, the
division of laser power between the carrier and sideband fields1, and terms like

, etc., represent thedimensionless relaxed power value (in either the TEM00
mode or the total in all modes, as indicated) that is reported by the numerical simulation
program for a carrier or sideband e-field in the indicated interferometer location. These
dimensionless power values for the simulated e-fields are all normalized in the program to
an input carrier/sideband laser beam power of 1 Watt. Note that in Eq. 3.3 we do not dis-
tinguish between the upper and lower radio-frequency sidebands, but (as discussed in pre-
vious sections) we simulate one of the two, and use those power results for both.

The remaining variables in Eq. 3.3 — namely , , etc. — are approxi-
mate, analytical values for the (amplitude) reflection or transmission coefficients of the
interferometer mirrors that are indicated by each of their subscripts (with “FP” = Fabry-
Perot arm cavity). These variables appear because the e-fields inside the various interfer-
ometer cavities must all be brought to the signal port for the determination of the output
response of the heterodyne detection scheme to a gravitational wave. They each replace, to
very good approximation, only single bounces (or transmissions) of an e-field with a mir-
ror on the way to this destination.

Finally, the quantityτs is theeffective storage time of the GW-induced signal side-
bands in the realistically-deformed Fabry-Perot arm cavities. Since the explicit calculation
of the buildup of these GW-induced signal fields in the arm cavities would involve an
additional set of e-field relaxation procedures that are not performed by our (Initial-LIGO)

1.  The division of power between the carrier and its RF-sidebands are as defined by Eq. 2.87, in
Section 2.5.6. The above shot noise formula, Eq. 3.3, is the expression that we optimize with
respect toΓ, the sideband modulation depth, to maximize the GW-sensitivity of the interferometer.
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simulation program, the effective storage time in the Fabry-Perot arm cavities must be
approximated, as follows:

(3.4)

where L is the length of each arm cavity, c is the speed of light, and where we have per-
formed a properly-weighted average over the results for the inline and offline arm cavities.

We note that the dependence of  upon the GW-frequency is entirely contained
within the expression , so that it has two basic regimes which are sepa-
rated by a “knee” or pole frequency, , such that:

(3.5)

These two regimes are apparent in the shot noise curve that has been shown in Fig. 3.1.
(Note that this simple functional behavior is only accurate for .)

3.2 Comparison of results with LIGO Project requirements

The results of our runs with the perfect,λ/1800,λ/1200,λ/800, andλ/400 mirror families
are summarized in Table 3.1. Many of the output quantities described in the previous sec-
tion are given here, including: (i) the relaxed carrier and sideband powers (total and/or in
the TEM00 mode) at various locations in the interferometer, (ii) theactual carrier and side-
band powers (the latter summed fromboth RF-sidebands) in Watts, that emerges from the
beamsplitter signal port, given the total excitation laser power (6 Watts) and the optimized
modulation depth, and, (c) the DC value and the effective pole frequency of the gravita-
tional-wave sensitivity curve, with which one can heuristically construct the full shot-
noise-limited GW-sensitivity function, , as follows (c.f. Eq’s. 3.3, 3.5):

(3.6)

A photodetectorquantum efficiency of η = 0.8 has been assumed in all cases, in order to
compute the optimized values ofΓ, , etc.

Additionally, some of these tabulated quantities are also given in the case of aperfect
output mode cleaner operating at the signal port, that (ideally) acts to strip away all of the
non-TEM00 light (which contributes only to shot noise) from the exiting beams, while
passing all of the TEM00 light (which provides all of the gravitational-wave signal, though
it contributes the rest of the shot noise) through to the output photodetector.
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Table 3.1:Output results for the set of Initial-LIGO simulation runs that were performed
using realistic deformation maps for the mirror surfaces and substrates. Except where

otherwise noted, a total (pre-modulation) laser input power of 6 Watts is assumed, as well
as a photodetector quantum efficiency of eta = 0.8.

Quantity Values For Specified Run

Deformed Surfaces (RMS in wavelengths) Zero

Deformed Substrates (Y/N) No Yes Yes Yes Yes

Recycling Mirror Reflectivity* 98.61% 98.37% 98.07% 97.39% 93.90%

Schnupp Length Asymmetry (cm)* 9.0 12.3 13.5 15.9 24.7

TEM00 Carrier Power, Recycling Cavity† 72.40 61.54 51.84 38.41 16.37

TEM00 Carrier Power, Fabry-Perot Arm Avg.† 4726.7 4012.0 3374.3 2491.7 1042.4

TEM00 Carrier Power, Exit Port† 2.70x10-6 9.29x10-6 1.94x10-5 4.56x10-5 1.89x10-4

Total Carrier Power, Exit Port† 2.15x10-3 8.53x10-3 1.43x10-2 2.25x10-2 3.65x10-2

Carrier Contrast Defect, 1-C 6.02x10-5 2.82x10-4 5.62x10-4 1.20x10-3 4.73x10-3

TEM00 1-Sideband Power, Recycling Cavity† 59.08 28.32 25.01 20.17 10.66

TEM00 1-Sideband Power, Exit Port† .9067 .6745 .6955 .7344 .8196

Total 1-Sideband Power, Exit Port† .9071 .7590 .7761 .8082 .8795

GW-Response Pole Frequency,fpole (Hz) 90.32 90.38 90.45 90.61 91.45

Modulation Depth,Γ * 0.279 0.405 0.455 0.501 0.549

Absolute Carrier Exit-Port Power (mW) 12.41 47.1 77.2 118.6 187.8

Absolute 2-Sideband Exit-Port Power (mW) 207.1 358.9 458.3 571.3 737.7

DC GW-Sensitivity,hSN(0) * 4.79x10-24 5.76x10-24 6.41x10-24 7.59x10-24 1.20x10-23

Re-Computed Values Assuming Ideal Output Mode Cleaner:

Modulation Depth,Γ * 0.053 0.078 0.093 0.113 0.156

Absolute Carrier Exit-Port Power (mW) 1.6x10-3 5.6x10-3 0.12 0.27 1.10

Absolute 2-Sideband Exit-Port Power (mW) 7.7 12.2 17.9 28.1 59.6

DC GW-Sensitivity,hSN(0) * 4.61x10-24 5.01x10-24 5.48x10-24 6.40x10-24 1.00x10-23

* Denotes Parameter Optimized by Program or During Post-Processing

† Denotes Quantity Normalized to 1 Watt of Carrier/Sideband Excitation Light Power

λYAG

1800
------------

λYAG

1200
------------

λYAG

800
------------

λYAG

400
------------
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The most significant issue to be addressed is whether or not an Initial-LIGO interfer-
ometer can perform according to Project requirements [57], given mirrors with realistic
levels of optical deformation. That question is definitively answered, and in the affirma-
tive, for all cases except for that of the worst surfaces which we simulated. First of all, Ini-
tial-LIGO interferometers are required to have a carrier gain of at least 30 in the Power
Recycling Cavity; this target is achieved in all runs except for the (ultra-conservative) run
performed with theλ/400 surface maps. In addition, the Initial-LIGO interferometers must
have a contrast defect upper limit of , a requirement that is also satisfied
by all runs except for theλ/400 case (and anything better than ~λ/500 would suffice). Fur-
thermore, it has been stated [12] thatEnhanced-LIGO interferometers1 should meet the
more stringent requirement of ; this tougher requirement is itself satisfied
by three of our five simulation runs (and anything better than ~λ/900 would suffice),
which is very good considering the possibility of further improvements to mirror surface
polishing by the time that Enhanced-LIGO interferometers are operational.

Figure 3.2:The carrier contrast defect, 1-C, plotted versus rms mirror surface deform-
ations. The dashed line connecting the data points is a quadratic fit, and the points represent,
from left to right, the run with “perfect mirrors”, then theλ/1800,λ/1200,λ/800, andλ/400

runs. The horizontal lines are the upper limits on contrast defect that are allowed for the
“First-Generation” (Initial-) LIGO and Enhanced-LIGO interferometers, respectively.

1.  “Enhanced” (i.e., “Advanced-Subsystem”) LIGO refers to the implementation of better individ-
ual subsystems for an interferometer with an Initial-LIGO configuration; it isnot the same as
(though it may be the forerunner of) an Advanced-LIGO system, such as Dual Recycling.
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The requirement upper limits for the contrast defect, along with a depiction of how the
results of our runs compare with them, are shown above in Figure 3.2. One note of caution
is that although the contrast defect requirements are met for most of the runs, a large
amount of total power (several hundred milliwatts) falls upon the output photodetector in
all cases, and this exiting power is especially high for runs with highly deformed mirrors,
in which the sideband modulation depth must be increased (to increase the available local
oscillator power) in order to help the GW-signal overcome the increased shot noise.
Despite this potential problem, even if an appropriate signal detection apparatus that could
handle this large amount of power cannot be supplied, then Table 3.1 shows that the addi-
tion of an output mode cleaner would greatly reduce the power that the photodetector must
accommodate — while also improving the GW-sensitivity by ~15% — as long as it oper-
ates close enough to the expressed ideal of stripping away the undesirable, non-TEM00-
mode light, without causing too much loss of the GW-signal-generating light.

The most fundamental Initial-LIGO performance requirement that we investigate as
part of our research, is the necessity that the shot-noise-limited sensitivity curve ( )
for an interferometer with deformed mirrors should fall within the bounds of theGW-
strain-equivalent noise envelope requirement, which represents the official total-noise
limit ( ) that is set for the full, 4 km baseline, Initial-LIGO interferometers [57]. In
Figure 3.3, the  curves that have been computed for the set of runs we performed

Figure 3.3:Comparison of the shot-noise-limited GW-sensitivity curves that are
computed for each of the interferometer simulation runs, with the official,GW-strain-

equivalent noise envelope requirement that is specified for Initial-LIGO interferometers.
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are plotted against the data points that define the LIGO noise envelope requirement. All
functions are shown as spectral densities. The roughly-defined regimes of seismic, ther-
mal, and shot noise domination are apparent in the figure, and our  curves can be
compared to the shot-noise-dominated region of the total noise requirement. From this fig-
ure we can conclude, as was also found above, that all runs other than theλ/400 case suc-
ceed in meeting the LIGO shot noise requirement.

The overall conformity of the results presented in the section indicates that there is a
very clear — and very strict, though realistically achievable — quality level for the pol-
ished (and eventually, coated) core optical components that must be reached in order to
achieve the target performance of the Initial-LIGO interferometers.

3.3 Qualitative analysis of results

In this section, we use the data from Table 3.1 to explore the results from these simulation
runs in a qualitative, though detailed manner. First of all, we note the fact that several of
the effects caused by deformed optics possess a quadratic dependence upon the rms value
of the deformation amplitudes. This is an expected result, since power scattered out of a
Gaussian beam by mirror roughness scales like thesquare of the roughness amplitude, a
functionality which is valid even when the deformations are spread over a range of spatial
frequencies [52]. For example, the plot of the contrast defect (1-C) shown in Fig. 3.2,
which is a form of loss that is generated by the coupling of power from the TEM00 beam
mode into non-TEM00 modes by (long spatial wavelength) optical imperfections, was fit
very well by a purely quadratic function of mirror deformation rms.

One can also determine the functional dependence of the cavity losses due tohigh-
angle scattering from short spatial wavelength deformations, by computing an “effective
loss” parameter to quantify the total scattered power (which vanishes entirely from the
system, because of the finite mirror apertures) that is lost in the Fabry-Perot arm cavities.
The effective loss for an arm cavity can be computed by setting the transmission of the
cavity input mirror equal to its analytically specified value, while solving for the input and
back mirror reflectivities (and hence, their losses) that would account, via Eq. 2.73, for the
observed amount of power resonating in the deformed-mirror cavity. Doing this for each
of the runs displayed in Table 3.1, the result is an effective loss function that (as expected)
increases quadratically with rms from a calculated baseline value of ~51-52 ppm of loss
for the case of perfect surfaces and substrates1; and this baseline value can clearly be inter-
preted as the sum of the 50 ppm of (“absorptive”) loss that is put in analytically for each

1.  For the worst case,λ/400 mirrors, the effective loss for the input and back arm cavity mirrors
becomes as large as ~250 ppm per bounce; and even this effective loss does not encompass the total
effect of how the perturbation of cavity e-fields due to mirror deformations can degrade interferom-
eter performance.

h̃SN f( )
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simulated mirror, plus the ~1-2 ppm of diffractive loss occurring at the mirror edges for
the Gaussian-profile beams.

Another parameter expected to have the same functional dependence on rms is the
optimized reflectivity of the Power Recycling Mirror (Sec. 2.5.4), which should decrease
quadratically from its value for the “perfect mirrors” run, because 1-R1,optim (or equiva-
lently, T1,optim) is directly proportional (c.f. Eq. 2.75) to the total losses sustained from
scattering, absorption, imperfect contrast, etc., in the interferometer. A fit ofR1,optim ver-
sus mirror deformation rms (not shown here) does indeed bear out this expected functional
form1.

Other than this quadratic dependence on rms for interferometer loss effects, additional
insights can be gained through a close inspection of the results of these runs. For example,
consider once more the behavior of the carrier contrast defect. It does not goexactly to
zero, even for perfectly smooth mirror surfaces and substrates, but instead it levels off to a
noticeably non-zero value of ~ . This effect can be explained by a careful consid-
eration of the interferometer configuration, in combination with a visual inspection of the
electric field that emerges from the exit port for the “perfect mirrors” case. This electric
field is depicted2 in Figure 3.4.

Figure 3.4:Plot of (intensity)1/8 for the carrier electric field emerging from the exit port of
the Initial-LIGO beamsplitter, for the run with perfect mirror surfaces and substrates.

1.  We note, however, thatsmall departures from pure quadratic forms for these quantities do appear
as the mirror surface rms goes to zero, since other sources of loss (such as the presence of deformed
substrates, which are constant and do not scale with rms value) become significant compared to the
surface deformations. Nevertheless, the quadratic behavior remains very good for all cases.
2.  More specifically, what is actually depicted is a close-up of the exit port e-field intensity distri-
bution, raised to the one-eighth power in order to highlight its transverse structure.
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Its structure tells the story: first, the generally oval (i.e., laterally “squashed”) shape is
due to the elliptical profile of the beamsplitter for the incident beams, caused by the 45
tilt of the circular beamsplitter with respect to inline and offline propagation axes (Sec.
2.3.3.3). Next, the round dimple in the middle of the e-field (composed of TEM20 and
TEM02 mode power) is due to beam mismatch between the inline and offline arms,
because of the macroscopic Schnupp asymmetry length (Sec’s. 2.5.1, 2.5.5). And lastly,
the intensity “wing” along one edge of the field, containing the vast majority of this elec-
tric field’s power, is due to the fact that the inline and offline interferometer e-fields which
pass through the thick, right-circular-cylinder beamsplitter do not see the same apertures.
Rather, the effective aperture experienced by a beam during reflection from the anti-reflec-
tive side (i.e., the inline arm side) of the beamsplitter isclipped andshifted with respect to
the aperture for transmission along the offline path, a fact which is due to the transverse
displacement imparted to a beam passing through a substrate (with )
at non-normal incidence. This difference between the apertures that are experienced by
beam components travelling along different paths (an effect that has been mathematically
derived in Sec. 2.3.3.3 and depicted in Figure 2.4) causes uncancelled power to leak out on
one side1 of the beamsplitter aperture, and leads to the telltale result that is observed in
Fig. 3.4.

Although the net result of the three effects just mentioned is only to cause a small-
amplitude e-field to leak out of the beamsplitter exit port, thus leading to a non-zero
(though not very significant) contrast defect for even the perfect mirrors run, the important
point to note is the relative ease and effectiveness with which the subtle behaviors of the
interferometer laser fields (which in some cases may turn out to be highly significant) can
be determined via a detailed analysis of the results of our grid-based simulation program
for full-LIGO interferometers.

We wrap up this section by discussing an interesting (and quite counter-intuitive) effect
apparent in the results shown in Table 3.1, which provides insight into the interplay
between the parameter optimization procedures which have been discussed in Sec. 2.5, and
the trade-offs that are made in optimizing the configuration of a full-LIGO interferometer.

To appreciate this effect, note the unusual behavior of the sideband power emerging
from the beamsplitter exit port, as a function of mirror quality. This quantity represents the
interferometer’s efficiency at converting RF-sideband laser light that is introduced at the
Power Recycling Mirror, into useful (i.e., TEM00) power at the beamsplitter exit port to
serve as local oscillator light for the heterodyne GW-detection scheme. In first going from

1.  Alternatively, the beamsplitter could be given a position adjustment (transverse to the beam
propagation axis) in order tocenter the exit port better, and thus reposition the lopsided “wing” of
uncancelled power into two smaller wings on either side of the mirror that possess less total inte-
grated power. This adjustment would, however, offset the center of the aperture for reflections at the
reflective-side of the beamsplitter, thus affecting the electric fields resonating within the interferom-
eter. In the end, some optimum position could be chosen that balances the effects to the e-fields
both inside of andemerging from the interferometer.

°

refraction index 1≠
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the “perfect mirrors” case to theλ/1800 case, the amount of exiting TEM00 sideband
power, , plummets — as expected — but after that itincreases as the mirror
surface deformations are madeworse, all the way to theλ/400 case. This “improved”
behavior of the sidebands for worse optics is explained as follows. First, the initial plum-
meting of  is due to the implementation of deformed substrates, which the
sideband fields are far more sensitive to than the carrier fields are, since the sidebands are
principally resonant in the Power Recycling Cavity (rather than in the Fabry-Perot arm
cavities), and thus experience their most significant perturbation effects while passing
repeatedly through the substrates of the Fabry-Perot input mirrors (which have their reflec-
tivity coatings on the arm cavity sides of the mirrors) and the beamsplitter. Second, the use
of increasing levels ofsurface deformation causes much more loss for the carrier beam
(which undergoes many bounces between the reflective surfaces of the arm cavity mirrors)
than for the sideband beam, and this has a crucial side-effect: the elevated carrier losses in
the arm cavities cause a significantdecrease in the optimized reflectivity of the Power
Recycling Mirror (c.f. Eq. 2.75). As per the discussion of Sec. 2.5.5, the lessened amplifi-
cation ability of the Power Recycling Mirror causes a shift towards alarger Schnupp
asymmetry length via theLAsymm optimization process performed for the sideband run
(c.f. Eq. 2.82, or 2.84), which is tantamount to having a smaller storage time for the side-
band light in the interferometer before it emerges at the exit/signal port, thus implying that
there is less time for the sidebands to lose power due to interactions with both deformed
surfacesand substrates1. The net result is an improvement in  for increas-
ingly bad mirror surface deformations, as long as the substrate deformation levels are
unchanged. A corollary effect is the reduction (or at least, the slower increase) of the mod-
ulation depth (Γ) as a function of mirror surface rms, which preventstoo much of the exci-
tation laser power from being modulated away into the sideband beams, and thus helps
offset the decline of carrier power resonating within the interferometer arm cavities due to
increasingly deformed surfaces.

At first glance, the effect discussed here may appear to be merely a quirk of our opti-
mization procedures; but more fundamentally, it is a result of the dual nature of the LIGO
interferometer: it attempts to simultaneously achieve optimal performance for both the
carrier and sideband beams, although the two are optimized according to very different
criteria — that is, the carrier must be optimally built-upwithin the interferometer, while
the sidebands must be optimallyextracted from it. Therefore, as discussed at the begin-
ning of Sec. 2.5, the prescription for an “optimal” interferometer is not always as clear as
one would be expect; and also, the (beneficial) interactions between the optimizable inter-

1.  This, incidentally, is why we must optimize the Power Recycling Mirror reflectivity during the
carrier run, and not during the sideband run; ifR1, optim. were optimized for the benefit of the side-
bands, then it would be driven immediately to zero (thus devastating the build-up of carrier power
in the interferometer), followed by an optimization of the Schnupp length asymmetry which would
cause the phase in Eq. 2.78 to become exactly equal to .
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ferometer parameters can lead to unanticipated behaviors which moderate the degradation
effects of imperfections in the optics.

3.4 Impact of optical deformations upon LIGO science
capabilities

In order to place the results of our runs into a scientifically relevant perspective, we will
estimate here the effects of optical deformations upon LIGO’s ability to detect gravita-
tional waves from likely astrophysical events. Since the version of the simulation program
discussed in this chapter was explicitly designed to model the Initial-LIGO interferome-
ters, and may not be a good representation of an Advanced-LIGO system (due to changes
in basic interferometer parameters, possible changes in configuration, etc.), we will focus
upon GW sources that might be detectable with the Initial-LIGO interferometers.

Gravitational waves, which may be produced by a variety of astrophysical sources, are
generally divided into 3 basic types:bursts, periodic waves, andstochastic waves [2, 5].
By restricting ourselves to sources for which an improvement in the Initial-LIGO shot
noise sensitivity limit is likely to produce a significant increase in the number of detection
events, or in the detectable range of some reasonably well-understood scientific parameter,
we arrive at two good possibilities for study:periodic GW’s that are emitted continuously
from spinning Neutron Stars (i.e., Pulsars) which possess small deviations from axial sym-
metry, andburst GW’s from coalescences of Black Hole/Black Hole orbital binaries.

Gravitational waves can approach LIGO’s interferometric detectors from any angular
location (“orientation”) on the sky, as well as being in any superposition of its two possible
(according to General Relativity) polarization states, as defined in Eq. 1.3. The analysis of
GW-signals may involve correlations between several interferometers, as well as long inte-
grations over time (for periodic sources), to obtain high signal-to-noise ( ) ratios.
However, the GW-strain-equivalent, shot-noise-limited sensitivity curves that we have
quoted so far, , each refer to a 1-second integration with a single interferometer, for
a periodic (monochromatic) GW that arrives at the interferometer with optimal orientation
and polarization, and that is computed by designating a  of 1. In order to convert these
simplified curves into formulas reflecting the effects of GW orientation, etc., for the fuller
analysis below, we will use the formulations given by Thorne [2] for the generalized anal-
ysis of interferometer noise curves, which include distinct treatments for periodic and burst
gravitational waves. While this analysis is very general and likely to be fairly accurate, it
obviously does not include the effects of detailed “masks” of anticipated gravitational
waveforms that would be derived from sophisticated modelling of the astrophysical GW
sources themselves. We proceed, therefore, with the caveat that our analyses are necessar-
ily ones involving rough estimates; not only because of the many inherent uncertainties
about these GW sources, but also due to the highly idealized ways in which the theoretical
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h̃SN f( )
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noise curves of a real interferometer have been formulated, as well as due to the simplify-
ing assumptions which we adopt in regards to the complex process of data analysis.

On the other hand, though we must be cautious not to take the exact shot noise curves
presented here too literally, we recognize that there are benefits that come with improved
optics which are not apparent in our simple bottom line of . These include, for
example, reduced backscatter of “lost” power from the surrounding beamtubes back into
the main optical pathway (which would cause phase noise at the signal detection port) [5],
and smaller differences between reflections from the inline and offline arm cavities —
which, if severe, would make the carrier contrast defect at the beamsplitter exit port worse,
and thus worsen the common-mode noise rejection of the system as well as increasing the
shot noise level. Thus if anything, the system performance benefits due to improvements
in the optics that are shown in this chapter areunderestimates.

3.4.1 Non-Axisymmetric Pulsars

To produce noise curves that represent thetotal noise, , of an interferometer, we form
the quadrature sum of three functions: the seismic and thermal noiserequirement curves
(as shown in Fig. 3.1), along with the shot noise curve, , which is computed for
each of the runs by applying Eq. 3.3 to the data in Table 3.1.

These summed, spectral density noise curves must be converted into useful expres-
sions for . As stated above, we follow the conventions of Thorne [2], in which each of
these total noise curves is converted to a dimensionless expression, , which can be
compared to a formula for the “characteristic strength”, , of a GW source. For periodic
sources, the condition  means that after one-third of a year of signal integration
time, a source with strength  can be extracted from the Gaussian noise with a confi-
dence level of 90%.

Averaging over all polarizations and orientations of the source on the sky, and treating
the frequency of the (monochromatic) GW,f (equal to twice the neutron star rotation fre-
quency), and phase as known, Eq. 52a of [2] yields the following result for periodic-GW
detection:

(3.7)

For a pulsar withgravitational ellipticity ε (representing the fractional deviation of the
pulsar from perfect axisymmetry), and a rotation-axis moment of inertia of ,
which is radiating at frequencyf at a distancer from the earth — and averaging over all
possible inclination angles of the source with respect to the line of sight — we have (from
Eq. 55 of [2]):

(3.8)
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In Figure 3.51,  is plotted for each of the simulation runs, and displayed with
them are two  curves, each one representing alocus of possible GW-strengths (plotted
versus frequency, up tof ~ 2 kHz) for a pulsar with given values ofε andr. We have cho-
sen , which should be below the limiting value determined by the “breaking
strain” of their crusts [7], yet may be significant enough produce a detectable signal.
While this value ofε is too large for millisecond pulsars, given typical limits on their rates
of GW-induced spin-down [7], it may not be unreasonable for newly-formed pulsars, of
which it has been estimated [60] that there may be ~25 such “new” pulsars in the galaxy. If
they are assumed to be evenly distributed throughout the galactic disk, then there would be
roughly an average of ~10 kpc of linear separation between neighboring ones; in other
words, ~5 kpc could be the worst-case distance between the earth and the nearest such
GW-source, if we are located directly in between the two pulsars closest to us.

Figure 3.5:Plots of characteristic gravitational wave signal strength,hc, versus GW-
frequency for pulsars with specified ellipticity and distance from the earth (dashed lines),

displayed against the dimensionless noise curves,h3/yr, for periodic searches, that are
computed from the output results of the simulation program runs (solid lines).

By setting  at the frequency of peak sensitivity (fpeak) for a given
curve, one obtains the rough estimate that in going from theλ/400 case to the “perfect mir-
rors” case, thelookout distance to which such a pulsar is detectable increases from ~.57

1.  This figure differs slightly from the corresponding one (Fig. 2) in [58], because a somewhat older
formulation was used there for the thermal noise requirement (specifically Eq’s. 12 and 13 of [59],
each with factor of 2 corrections). As a consequence, the quantitative estimates quoted in the ensuing
discussion also differ slightly from those in [58], though the overall conclusions remain the same.
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kpc to 2.0 kpc (this estimation also roughly maintains the “area under the curve” between
 and , as depicted in Fig. 3.5, though it obviously ignores the frequency shift of the

interferometer’s sensitivity peak). This improvement increases the expected number of
pulsar detections (for galactic disk pulsars) by ~ ~12, or equivalently, it brings
the lookout distance to a reasonable value for the detection of even asingle  pul-
sar with the Initial-LIGO interferometers. Alternatively, for a pulsar at a given distance
and GW-emission frequency, it provides a factor of ~ ~3.5 leeway in the smallest
detectable value ofε. Even with the caveat that the existence of a strongly-emitting pulsar
this close to the earth is unlikely (thus making the discovery of such pulsars somewhat of a
longshot for Initial-LIGO detectors, even with improved optics), this improvement in sen-
sitivity is still advantageous, in terms of making these discoveries more likely as the Ini-
tial-LIGO interferometers are gradually improved (e.g., as the laser power is increased).

3.4.2 Black Hole/Black Hole Binary Coalescences

A similar formulation is used for the analysis of burst GW’s. Once again a quadrature
noise sum, , is formed for each run, and with appropriate parameter averaging and
optimal filtering assumptions, we have (from Eq. 34 of [2]):

(3.9)

For bursts,  means that aftercoincidence detection in two identical interfer-
ometers1 for one-third of a year of observation time, a “detection” of GW-strength  has
a 90% probability of being a real signal, rather than an accidental conspiracy of Gaussian
noise2 in the two detectors.

Consider a Black Hole/Black Hole (BH/BH) binary system with equal masses for the
two objects,  (whereMsol = 1 Solar Mass = g), that is
located a distancer from the earth, and evolves in frequency through the inspiral phase
until it reaches the onset of the coalescence phase (i.e., merger and ringdown) at

 [61]. For these parameters, Eq. 46b of [2]
yields (with a cumulative factor of 2 adjustment from factor of 2 corrections to Eq’s. 29
and 44 of [2]):

(3.10)

The proper way to interpret this formula, is thatif the frequency of peak detector sensitivity
is , then thetotal signal deposited into the detector during the entire system evo-
lution (for comparison with ) is determined by  evaluated specifically at thatfpeak.

1.  The Initial-LIGO “detector” will involve the simultaneous operation of two full-length, 4 km
Fabry-Perot arm cavity interferometers (plus one half-length, 2 km interferometer). Our calcula-
tions here are done assuming two identical, full-length interferometers working in coincidence.
2.  Coincidence operation should theoretically eliminate the false signals caused bynon-Gaussian noise.
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In Figure 3.6, we have plotted the  noise curves (for burst searches) that are
obtained for each of the simulation runs, along with two  curves (with arrows showing
time evolution) for coalescence events that just manage (for theλ/400 run and for the “per-
fect mirrors” run) to skirt the high-detection-confidence threshold of  atfpeak,
during the course of their inspirals. The first conclusion which we may draw from this dia-
gram is that the best way to improve LIGO’s sensitivity to these coalescence events is to
improve thelow frequency part of the noise spectrum, i.e., the seismic and thermal noise
limits. Nevertheless, there is a measurable benefit from improving the shot noise limit:
judging from this plot, one may estimate that in going from theλ/400 case to the “perfect
mirrors” case, the lookout distance for detecting these coalescences is increased from
~125 Mpc to ~195 Mpc, or equivalently, it increases the expected number of detected
events at a given distancer by a factor ~ ~3.5. The actual rate of black hole/
black hole coalescence events is extremely uncertain (even their existence in uncertain),
but good middle-of-the-road values that we can use as benchmarks are the “best esti-
mates” that have been made by Phinney [10], and Narayan,et al. [11], which are, respec-
tively: ~3 per year out to 200 Mpc (assuming a Hubble constant of H0~75 km s-1 Mpc-1),
and ~1 per year out to . Thus, the “perfect mirrors”
run appears to put the detection of Black Hole/Black Hole binary coalescence events just
within conceivable reach of detection for the Initial-LIGO interferometers.

Figure 3.6:Plots of characteristic gravitational wave signal strength,hc, as a function of
the detector’s peak sensitivity frequency, during the inspiral phase of 10Msol Black Hole/
Black Hole binaries (dashed lines), displayed against the dimensionless noise curves,h3/yr
(for burst searches), that are computed from the results of the simulation runs (solid lines).
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Once again, we caution that these numbers must be treated as very rough estimates.
There are many significant uncertainties in the above estimation process, such as: the
poorly understood transition from the inspiral phase of the BH/BH binary to the merger
part of the coalescence phase, which seems to fall nearfpeak for the “perfect mirrors” run;
the extreme sensitivity of these numerical estimates to the thermal noise edge, which may
turn out to be very different from our adopted idealizations; the simplifications made in the
signal-to-noise and data analysis calculations, and so on. The firm conclusion that one can
draw, however, is that using optical components of the best achievable quality can indeed
make a difference in whether or not the Initial-LIGO interferometers have a fighting
chance to detect gravitational waves from these most promising astrophysical processes.

3.5 Project-wide uses of the simulation program

We have shown our simulation program to be useful for gaining physical insight into inter-
ferometer behavior, for proving that the Initial-LIGO performance requirements can be
met with realistically obtainable optics, and for estimating the effects of optical deforma-
tions upon LIGO science capabilities. Due to the highly detailed nature of the model, it is
also an effective and flexible tool for research and development in the LIGO Project. To
date, it has been used to address several important design issues, such as1:

• Providing technical support and assurances to LIGO (by demonstrating robustness in
the presence of optical deformations) for its selection of the Schnupp Length Asym-
metry scheme for gravitational wave signal readout, over an alternative, external mod-
ulation (Mach-Zehnder) scheme [62].

• Providing technical support and assurances to LIGO in its transition from Argon-ion

lasers ( ) to Nd:YAG lasers ( ) for the interferometer excita-

tion beam [63]. Demonstrating that interferometer performance is less sensitive to mir-
ror distortions of a given level, when larger-wavelength laser beams are used2.

• Collaborating with LIGO colleagues in the adaptation of the simulation program to the
major LIGO prototype interferometers, including the Fixed Mass Interferometer
(FMI) 3 and the Phase Noise Interferometer (PNI) [64] at MIT, and (currently) to the
40-meter interferometer at Caltech. In addition, providing assistance in the selection of
optical parameters for the long-baseline LIGO interferometers [65], such as mirror

1.  We are grateful to R. Savage, H. Yamamoto, B. Kells, K. Sliwa, S. Whitcomb, and D. Shoe-
maker for their help in the application of our simulation work to these LIGO-related issues.
2.  Note, though, that  does have an intrinsic overall proportionality to , as per
Eq. 3.3.
3.  To study the effects of optical deformations upon mirror alignment control systems.

λ 514.5 nm= λ 1.064µm=
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curvatures, beam spot sizes, and mirror aperture sizes1.

• Participating in thePathfinder Project [37], the LIGO initiative charged to set the spec-
ifications for the optics that are being procured by LIGO through a cooperative effort
of several vendors, followed by intermediate and final evaluation of the obtained core
optics. Runs of the simulation program have provided information for several specifi-
cations that have been made, including tolerances for curvature errors2 and surface
deformations3 in the polished (though yet uncoated) mirrors. In addition, evaluations
of the mirror reflective-side and A.R.-side coatings are currently underway.

• Demonstrating that the inclusion of an (idealized) output mode cleaner would be bene-
ficial, not only due to a modest improvement (~15%) in the shot-noise-limited GW-
sensitivity, but also (and more significantly) due to the fact that an output mode cleaner
would greatly reduce the total amount of power falling on the signal photodetector.

• Simulating the effects of refraction index variation due to thermal lensing [e.g., 66] on
interferometer performance, resulting in rough preliminary estimates of ~15% degra-
dation to the shot-noise-limited GW-sensitivity from either 0.6 parts per million of
absorption in the mirror coatings, or 5 ppm of absorption per cm of thickness in the
bulk (fused silica) substrate material [67].

Undoubtedly, many more issues such as these will arise in the near future, for which
our simulation program can be a primary tool in addressing the important questions that
are raised by the LIGO Project. Suggestions for future research directions with the LIGO
simulation program, as well as general conclusions on what the results presented here
mean for the importance of obtaining highest-quality optics for LIGO interferometers, will
be discussed in Chapter 5.

1.  Sufficiently large apertures is a particular concern for the perspective-foreshortened beamsplit-
ter, for which limitations on minimum size and maximum allowable mirror position error (trans-
verse to the beam) had to be specified. In these studies, the well-known [17] tendency of resonant
laser fields to adapt their size to smaller profiles, in order to reduce diffraction losses from small
mirrors, was observed.
2.  To meet a criterion of < 5% degradation to the shot-noise limited GW-sensitivity, , runs
of the simulation program for the Pathfinder Project have resulted in limits of +5%/-1% for the
error in the curvature radius of the Power Recycling Mirror, +1%/-7% for the common-mode cur-
vature errors of the Fabry-Perot arm cavity input mirrors, and  for differential-mode curva-
ture errors of the arm cavity back mirrors; all other combinations of curvature errors for the
interferometer mirrors are less crucial.
3.  Pathfinder polishing specifications require the rms surface figure deviations due to “roughness”
(i.e., deformations in the spatial frequency band of ~.025 - 4.3 cm-1) to be < 0.8 nm when sampled
within the central 8 cm diameter of each fused-silica mirror blank, and < 1.6 nm within the central
20 cm diameters.
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Chapter 4

Simulations of a Dual-Recycled
interferometer with optical deformations

Having finished our studies of the Initial-LIGO interferometer configuration, we now pro-
ceed to the second area of inquiry that is central to this thesis — studies of an Advanced-
LIGO configuration calledDual Recycling [24], for which optical elements possessing
“realistic” surface and substrate deformations are included. In this chapter, our Dual Recy-
cling studies will predominately be proof-of-principle tests, where for the first time, the
wide variety of analytical and qualitative claims that have been made about the advantages
of Dual Recycling will be put to the test by a quantitative numerical model, one that com-
putes the effects of complex mirror deformations upon a fully-configured, Dual-Recycled
LIGO interferometer.

This chapter is organized primarily into three sections. Section 4.1 discusses the theo-
retical benefits of Dual Recycling, including its ability to create a narrowbanded (shot-
noise-limited) sensitivity function, as well as the predicted ability of Dual Recycling to
both reduce the losses from the interferometer exit port, and to recycle such “lost” power
for injection back into the system, so that it once again circulates in the Fabry-Perot arm
cavities for the purpose of detecting GW-induced mirror motions. Section 4.2 discusses
various demonstrations of Dual Recycling, including experimental and numerical work
from the literature, as well as including as the main presentation of Dual Recycling simu-
lation results that we have generated for this thesis. Section 4.3 continues with a discus-
sion of some of the finer points of operating a Dual-Recycled interferometer with
realistically imperfect optical elements, including the importance of using moderately-
sized mirror apertures, and the necessity of implementing anondegenerate “Signal Recy-
cling Cavity” (c.f. Sec. 2.1.2) when tuning the system for peak response at high GW-fre-
quencies. Finally, a summary of the conclusions from our simulation-based studies of the
Dual Recycling configuration will be presented, along with the conclusions from our Ini-
tial-LIGO simulations, in Section 5.1 of the next (and final) chapter of this thesis.

4.1 The theory of Dual Recycling

4.1.1 The Dual Recycling optical configuration and tailoring of the
Gravitational-Wave frequency response
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4.1.1.1 Dual Recycling and the distribution of total interferometer sensitivity

The essence of the Dual-Recycling configuration is as shown in Figure 1.6, and again in
Figure 2.1. It is the same as the Initial-LIGO configuration, except for an additional mirror
(M6, or equivalently,Mdual) placed at the exit port of the beamsplitter, in order torecycle the
Gravitational-Wave- (GW-) induced signal back into the interferometer before it can exit
the system for GW-detection purposes. As with Power Recycling, this “Signal Recycling”1

produces an overall amplification of the eventual GW-signal that exits throughMdual, but in
this caseonly if the recycled signal power is at the right GW-frequency to be properly reso-
nant in the recycled system; otherwise, the presence of the large mirror reflectivity,Rdual,
reduces the amplitude of the output GW-signal. Unlike Power Recycling, therefore, Signal
Recycling is not a frequency-independent (broadband) signal amplification process.

The basic concept of what Signal Recycling achieves can be understood in terms of the
“Sensitivity Theorem” presented in the thesis of Jun Mizuno [66]. This theorem states that
for an interferometric GW-detector behaving at optimum efficiency, thesensitivity times the
detector bandwidth is a constant that will be proportional to theenergy stored in the detec-
tor for interaction with the incoming GW’s. This sensitivity-bandwidth product will be the
same for any configuration of detector, as long as the stored energy is the same. In view of
the Sensitivity Theorem, we can define Dual Recycling as a configuration which narrows
(and shifts) the bandwidth of an Advanced-LIGO interferometer in order to enhance the
interferometer sensitivity, by moving most of it into a more scientifically and technically
relevant range of GW-frequencies. Dual Recycling, as will be seen shortly, is a particularly
convenient configuration for response curve narrowing and tuning; it is also a detector spe-
cifically designed to minimize losses caused by imperfect optics, thus keeping the energy
stored in the system large, to maintain high sensitivity for even severely deformed mirrors.

4.1.1.2 The formulation and implementation of Dual Recycling

As discussed in Section 1.3.4, it is advantageous to use the “GW-induced-sideband” pic-
ture of GW-signal generation for Dual Recycling, rather than to think in terms of arm
length changes that impose time-dependent phase shifts on the carrier e-fields resonating
in the interferometer. In the GW-sideband picture, it is possible to view the carrier fre-
quency beams and the GW-induced sideband beams as separate, non-interacting entities
(with the obvious exception of the initial generation of the GW-sidebands via parametric
conversion). Our numerical simulation program can therefore begin by relaxing the carrier
e-fields in a “static” interferometer2, and then model the GW-signal fields later. These GW-
sidebands are treated as independent propagating entities which possess frequencies that

1.  By adding Signal Recycling to the pre-existing system of Power Recycling, one produces an
interferometer with “Dual Recycling”.
2.  As noted in Section 2.5.2, however, the program does model a (semi-relaxed) GW-sideband e-
field at a pre-specified frequency, during the carrier run, in order to optimally tune the Dual Recy-
cling sensitivity to be resonant at that frequency.
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are offset from the carrier laser frequency ( ), and that are generated (with
time-independent amplitudes) from the carrier fields which are stored in the Fabry-Perot
arms. These GW-sidebands then proceed to build up in the interferometer, in a way which
we can compute via an iterative relaxation scheme (c.f. Sec. 2.4), ultimately receiving a
doubly-resonant boost due to the Fabry-Perot arms andMdual, so that they emerge from the
interferometer signal port with enhanced sensitivity and altered response bandwidth.

We note here that it is sufficient to model all of the Gravitational Wave effects via the
generation of GW-sidebands in the Fabry-Perot arm cavities, followed byfree propagation
of these sidebands throughout the interferometer, for two reasons. First of all, the arm cavi-
ties are the only interferometer locations possessing both very large energy densities and
very large storage times, which cause them to be the sites of nearly all significant interaction
between the carrier laser power and any incident GW’s. And second of all, any GW-perturba-
tions to the already-generated GW-sidebands can be ignored, since they are proportional to
the square of the dimensionless GW-strain amplitude,h, and are thus completely negligible.

The amplitudes of the “plus” and “minus” GW-sidebands generated in the Fabry-Perot
arms are as expressed at the beginning of Appendix D, the same as for an Initial-LIGO
interferometer. The important differences for the Advanced-LIGO case have to do with
what occurs when these GW-sidebands first exit the arm cavities, and subsequently build
up within the coupled-cavity system of the entire Dual-Recycled interferometer. In the
Dual Recycling version of our simulation program, the ultimately-relaxed GW-sideband
fields are computed for every relevant location in the interferometer, and the calculated
GW-signal will be proportional to the sum of the (absolute value of the) amplitudes of the
plus and minus GW-sideband fields1 that emerge from the exit/signal port.

In order to obtain a qualitative understanding of the behavior of a Dual-Recycled interfer-
ometer, we divide the interferometer up into a few coupled (or decoupled) cavities, and con-
sider their interrelated behaviors for the GW-sideband beams. These cavities are as defined in
Section 2.1.2 (as per Fig. 2.1): the folded cavity spanningL1 andL2/L3 is called the Power
Recycling Cavity (PRC), and the folded cavity spanningL6 andL2/L3 is called the Signal
Recycling Cavity (SRC). Because of the dark fringe for the carrier beam at the beamsplitter,
the GW-sideband fields are almost completely decoupled2 from the PRC — the “bright” and
“dark” beamsplitter ports are actuallyreversed for the GW-sidebands, compared to the car-
rier fields — and hence their qualitative behavior can be understood in terms of how they res-
onate in the “three mirror cavity” system of the SRC coupled to the two Fabry-Perot arm
cavities, with the arm cavities conceptually “folded” into a single effective cavity.

Tuning the response peak of the Dual-Recycled system to a frequency different from

1.  More specifically, the TEM00 components of these e-fields.
2.  The GW-sidebands would not be significantly coupled to the PRC by the presence of a Schnupp
Length Asymmetry (c.f. Sec. 2.5.5), even if such an asymmetry were to be included for the Dual-
Recycled case, since the GW-sidebands are much closer to the frequency of the carrier beam than
the radio-frequency (RF) sidebands used for the Initial-LIGO configuration are, and hence pick up
negligible asymmetric phase shift while propagating through the Michelson arms (i.e.,L2 andL3).

ν νLaser νGW±=
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νLaser is achieved by the very simple mechanism of displacingMdual along the beam prop-
agation axis by a fraction of the laser wavelength. This gives the GW-sideband fields an
overall phase for round-trips through the SRC, which must be cancelled out by an oppos-
ing phase picked up in the long-baseline, multi-pass Fabry-Perot arm cavities; but these
arm cavities (which are held resonant for the carrier beam) will only impose this phase
cancellation upon by a beam that is displaced from the carrier frequency by the proper
amount. Thus the particular GW-frequency for which a beam undergoes double-resonance
in the SRC/arm cavity system is directly specified via microscopic motions ofMdual.

This GW-frequency “tuning” mechanism is a highly nonlinear process: when the sys-
tem is first tuned away from the carrier frequency, the GW-sidebands resonant in the effec-
tive “three-mirror-cavity” system are virtually resonant in the arm cavities themselves, so
that small frequency changes lead tolarge phase changes in reflection from the arms, and
hence large displacements ofMdual are necessary to effect even small changes in the “opti-
mized” GW-sideband frequency, . But as  gets large, the arm cavities become
non-resonant for beams at that frequency, and large changes in tuning the value of
are obtained with much smaller displacements ofMdual.

Analytically computed curves1 for the GW-frequency-response of Dual-Recycled
interferometers are shown in Figures 4.1 and 4.2. In Figure 4.1, we hold the tuning of the
SRC fixed at , and vary the value of the power reflectivity ofMdual (which
is labelledRdual); while in Fig. 4.2, we holdRdual fixed at 0.9, and vary the value of

. Each of these curves have been generated using the interferometer parameters
listed in Table 2.1 (though with no Schnupp Length Asymmetry, c.f. Sec. 2.1.2), assuming
an optimized Power Recycling Mirror reflectivity for the carrier fields (as per Eq. 2.75),
and no crossover into the PRC by the GW-sideband beams. The curves depicted all repre-
sentunnormalized GW-signal amplitudes (i.e., not multiplied by the amplitudes of local
oscillator fields needed for detection, and the GW-strain amplitude,h, is simply set to
unity), but their comparative amplitudes are shown correctly to scale.

Note that the curve in Fig. 4.1 with  represents the “Initial-LIGO” case, and
that theshape of the “shot-noise-limited sensitivity” curve for each value ofRdual (such as

 depicted in Figures 1.4, 3.1, and 3.3 for the Initial-LIGO configuration), is
obtained by simply inverting these GW-signal sensitivity curves. This is because the mea-
surable GW-strain of the detector is inversely proportional to the amplitude of the GW-sig-
nal, and because shot noise is essentially “white” noise (see Appendix D), and does not
alter the shape of the  curve.

Dual Recycling is said to operate in two different modes: the “Broadband” and
“Tuned” (“Narrowbanded”) modes. Broadband Dual Recycling has , and

1.  These curves are computed by a small Fortran program entitled, “dual_recyc_IFO_V-M_GW-
signal_simulator.f”, which we have written to simulate the response of an interferometer with per-
fect mirrors. Power Recycling, with anoptimized mirror reflectivity, is included. The mathematical
formalism used in this code is based on that of Vinet, Meers, Man, and Brillet [25].
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Figure 4.1:The GW-signal amplitude, proportional to the summed amplitudes of the plus
and minus GW-induced sideband fields emerging from the interferometer exit port, is

plotted versus GW-frequency for curves representing different Signal Recycling Mirror
reflectivities. In order of increasing magnitude and sharpness at the optimization GW-

frequency (500 Hz), the curves are forRdual values of 0.0, 0.1, 0.3, 0.5, 0.7, 0.9, and 0.99.

Figure 4.2:The GW-signal amplitude is plotted versus GW-frequency for a fixed value of
Rdual, for curves representing different SRC-tuning optimization frequencies. From left to

right, the curves are for optimization frequencies (in Hz) of 0, 200, 500, 750, and 900.
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often uses small values ofRdual, more in order to reduce losses (see Sections 4.1.2 and
4.1.3) than to sharpen the GW-frequency response curve. But Tuned Dual Recycling can be
used to offset the sensitivity peak from zero by large amounts (~few hundred Hz to 1 kHz or
more), and may employ values ofRdual that are much closer to unity, in order to obtain a
very deep sensitivity peak over a narrowly-specified frequency range. Such a narrowbanded
sensitivity curve would be very useful for detecting periodic GW-emissions from objects
such as pulsars, or for optimal sensitivity for [68] and even tracking of [69] the “chirp” of a
coalescing Black Hole/Black Hole binary object as the binary’s orbit decays, and the pri-
mary frequency of radiated GW’s slowly climbs until merger ultimately occurs. Strong nar-
rowbanding with Tuned Dual Recycling should also help a great deal in the detection of
stochastic background sources (e.g., GW radiation from “cosmic strings”), since the inte-
grated signal only scales as the one-fourth power of the bandwidth [2]; thus the increase in
peak sensitivity is what is important. For Broadband Dual Recycling, however, obtaining
very deep sensitivity peaks is not particularly useful (as well as making the term “Broad-
band” a misnomer), because at low GW-frequencies the principle limitations aren’t from
sensing (i.e., shot) noise at all, rather they are fromrandom force noise such as seismic and
thermal noise (c.f. Fig. 1.4), and in that region higher sensitivity does not improve the actual
detection of gravitational waves. In our research, therefore, we have principally focused
upon simulations of Tuned Dual Recycling with  offset significantly from zero.

An important point to note, which is apparent in Fig. 4.2, is that the frequency
response peak does not maintain its shape as the tuning frequency is adjusted; rather, it
spreads and flattens out as  becomes large. This effect is explained (as was the non-
linearity of GW-frequency tuning) by the fact that the Fabry-Perot arm cavities become
non-resonant as  is increased, and hence the double-resonance of the SRC/arm cav-
ity system weakens until it becomes a single-resonance of the SRC alone. This means that
a more reflectiveMdual is necessary at higher tuning frequencies in order to obtain the
same sensitivity curve as was achieved for lower tuning frequencies. This does imply
some limitations to the vaunted ease [24] of frequency tuning for the Dual Recycling con-
figuration (which requires only microscopic adjustments of a single mirror, compared to
more complicated procedures needed for other configurations such as Resonant Recycling
[23]), since the tuning of  via microscopic displacements ofMdual will be useful
only so long asRdual is initially set high enough, or for a desired tuning range that is small
enough, so that the spreading of the sensitivity peak does not completely dilute the GW-
response gain due to Signal Recycling.

An additional point, apparent in Fig. 4.1 (and to a lesser degree, in Fig. 4.2), is that the
frequency of the sensitivity peak is not precisely equal to the GW-sensitivity optimization
frequency, i.e., . In fact,  as , even though
remains fixed (at 500 Hz, in this case). In general, the GW-response at a given frequency is
not maximized by putting the peak at that frequency, but rather somewhat below it; tuning
the response higher does indeed move the peak closer to , but it flattens the peak out
so much so that the actual response at  is diminished. This effect is due to the fact
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that the Fabry-Perot arm cavities are still tuned to the carrier frequency, and hence provide
a bigger arm cavity gain for lower GW-frequencies; thus the peak of the compounded dou-
ble-resonance occurs at a frequency, , which is dragged below . It would be
possible to make the peak frequencyequal to the optimization frequency (and perhaps
gain a little bit in terms of the double-resonance peak) by “de-tuning” the arm cavities,
hence giving us two parameters (LArm, LSRC) for length adjustments instead of just one
(i.e., LSRC alone). That possibility, while intriguing, would lead to the difficult technical
problem of maintaining an arm cavity “resonance” condition in the case where the carrier
beam is not resonant in the arms.

In the simulation program (via methods such as those discussed in Sec. 2.5.2), and in
our analytical calculations, the length of the SRC is tunedspecifically so that the Signal-
Recycling gain at  due to the SRC/arm cavity double-resonance is as made large as
it can be. Although this does not put the sensitivity peak there, this is the most effective
definition of SRC optimization that we can use, since it maximizes the interferometer out-
put signal at the GW-frequency of interest1.

Once the simulation program has successfully tuned the SRC length — via adjust-
ments made during the process of relaxing interferometer e-fields for a GW-sideband
beam at frequency  — the program must generate a full GW-frequency response
curve, in order to compare the results for runs that employ imperfect optics with the ana-
lytical predictions made for perfect mirrors. The program does so by performing a number
of independent runs (within the same, optimized interferometer) for a list of GW-frequen-
cies that is specified by one of its input files. Though computationally intensive, this pro-
cedure allows the program to use the results for a series of discrete points along the GW-
frequency axis for comparison with a continuous sensitivity curve that is calculated ana-
lytically. Obtaining a precise tracing of the continuous curves requires a large number of
data points (often ~50 or more), and thus rather long run times (up to ~8-16 hours on the
parallelTrex computer system mentioned in Sec. 2.2); therefore, the list of simulated GW-
frequencies is carefully chosen to highlight whatever GW-signal peaks or other physics is
expected to be most important in the run. Examples of such comparison plots will be
shown in Section 4.2.3.

We wrap up this section on the GW-frequency response of a Dual-Recycled interfer-
ometer with the comment that for a Signal Recycling Cavity which is at (or near) “Broad-
band” tuning, the SRC — when considered as an isolated system — will be at (near)anti-
resonance for the GW-sideband beam at the optimized, (near-) zero frequency. Since the
GW-sideband is largely resonant in the arm cavities when  is small, and (as men-
tioned in previous chapters) a phase ofπ is picked up in reflection from a resonant cavity,

1.  The only caveat to this procedure, is that the simulation program performs itsLSRC optimization
for the “plus” GW-frequency alone. When the plus and minus GW-sideband amplitudes are
summed together to produce the final (“single-sided”) sensitivity curve, the tuning for  may
be a little different from optimal; but this difference is very small, since the minus GW-sideband is
always far off from (double-)resonance in the SRC/arm cavity system.
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the anti-resonance in the SRC is necessary to counter the arm reflection phase and thus
obtain the desired double-resonance in the SRC/arm cavity system. A corollary of this, is
that as  is tuned to higher frequencies, and the arm cavities become off-resonant,
the tuning adjustments to the SRC make it move from anti-resonance to near-resonance,
for any and all power which enters it (since it is a “degenerate” cavity). These properties of
SRC-tuning for different values of  become quite important in terms of losses due
to power scattered into the SRC by deformations of the optics, and the resulting effects
will be discussed in Section 4.1.2 for TEM00 mode losses, and in Sections 4.1.2 and 4.3.2
for losses due to higher beam modes.

4.1.2 Noise reduction properties of Dual Recycling

As described earlier in Section 2.5.4, the mirror reflectivity and transmission parameters
of a LIGO interferometer are chosen very carefully in order to minimize power output
leaks (with the exception of small amounts needed for control system purposes), and to
keep losses as low as can be achieved with real mirrors. Thus between the optimized
Power Recycling Mirror and the high-reflectivity arm cavity back mirrors, it is very hard
for light that is perturbed by mirror deformations to escape the interferometer — but for
two important exceptions. The first is high-angle scattered power (created by fine-scale
mirror roughness), which escapes during propagation through the long Fabry-Perot arm
cavities due to the finite size of the mirrors; and the second is power escaping from beam-
splitter exit port due to an imperfect dark-fringe, which (for the Initial-LIGO) has nothing
to stop it from leaving the system entirely. This “lost” exit-port power may be absorbed by
the signal photodetector, thus increasing the interferometer shot noise level which com-
petes with the GW-signals, as well as causing a power drain which reduces the power
available in the arm cavities for generating those signals in the first place. The problem of
high-angle scattering (which will be discussed in upcoming sections) is largely intractable,
without improvements in the polishing and/or coating of the mirrors; but for losses at the
beamsplitter exit port, which are caused by any noise or imperfection properties of the
interferometer that operate differentially for the inline and offline arms, the presence of a
Dual Recycling Mirror is intended to be a key factor in blocking such exit-port power
from escaping the interferometer.

In several papers introducing and analyzing Dual Recycling [e.g., 24, 26], Meers,et al.,
claim that the presence of a Signal Recycling Mirror1 (with power transmission
from Fig. 2.1) will reduce the leaking exit-port power by a factor ~ . Note that this
noise reduction factor is only correct for a distortion mode (and beam frequency) that is
significantly off resonance in the SRC. If the distortion mode is resonant (or nearly reso-
nant) in the SRC, then it will be amplified by the SRC resonance (or by the SRC/arm cav-
ity double-resonance), just as the GW-signal is amplified by it, and the implementation of

1.  In this thesis we will use the terms “Dual Recycling Mirror” and “Signal Recycling Mirror”
interchangeably.
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Dual Recycling would in that case cause the exit-port losses to be much more severe.

In particular, consider Broadband Dual Recycling, for which . In this
case, any power in the TEM00 mode that is not nulled by the beamsplitter “dark-fringe”,
and thus makes it into the SRC, will satisfyexactly the same resonance conditions every-
where that the GW-sideband light generated in the arms would satisfy; and the amplifica-
tion of such losses could devastate TEM00 mode buildup in the interferometer. This is a
well-known problem for Broadband Dual Recycling, and it is therefore considered to be a
system effective at loss suppression forsmall amplitude deformations only, for which the
primary effects of mirror deformations are the creation of power in higher-order beam
modes (which are non-resonant, and are thus prevented from exiting by the Signal Recy-
cling Mirror). Since the amplitude of TEM00 mode light leaking out of the dark port
because of imbalances between the inline and offline arms is proportional to thesquare of
the mirror deformation amplitude in the one of the arms — instead of linear in deforma-
tion amplitude, as is the creation of higher modes — large deformation amplitudes are
necessary to cause significant leaks of “uncancelled” TEM00 light from the beamsplitter
dark port into the SRC [26]. Broadband Dual Recycling therefore becomes a very lossy
system when the mirror deformation amplitudes are large. Using mirror tilts as an exam-
ple, it has been found (analytically, experimentally, and numerically [26, 70]) that Broad-
band Dual Recycling functions well at reducing exit-port power losses for small tilts, but
that it fails quickly as the condition  is violated, where the “characteristic angle”,θc,
is given by .

In contrast to this problem for TEM00 mode losses, Broadband Dual Recycling will be
effective at suppressing losses due to higher spatial beam modes, because these modes are
not resonant in the system. This off-resonance is due to theGuoy Phase (see Sec. 2.3.4.2)
that the higher modes pick up during round-trips through the Fabry-Perot arm cavities,
because of the focusing effects of propagations through the long-baseline arms. The off-
resonance in the arms means that the effects of the arm cavities are negligible (and even
suppressive) for these modes, and that only the SRC matters. But since the SRC is a short
cavity (~few meters) with negligible focusing, it is adegenerate cavity, so that all modes
will experience the same round-trip propagation phases there. As discussed at the end of
the previous subsection, the spatial mode making up the GW-signal (that is, the TEM00
mode) is anti-resonant in the SRC for Broadband Dual Recycling, and henceall modes
will be anti-resonant in the degenerate SRC, which means that higher-mode exit port
losses will not be resonant in the arm cavities nor in the SRC, are thus they are doubly-
suppressed from leaking out in the case of Broadband SRC tuning.

The situation, however, is very different for Tuned Dual Recycling, especially when
 is large, and the SRC achieves near-resonance for all deformation modes1. In that

1.  Note, however, that since the TEM00 mode for the carrier frequency beam remains resonant in
the arm cavities regardless of the SRC tuning used, Tuned Dual Recycling does notamplify TEM00
mode losses, but rather it “flattens out” its resonant arm cavity buildup, lowering the TEM00 losses.
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case, the implementation of Dual Recycling can greatly amplify non-TEM00 mode losses at
the exit port. Tuned Dual Recycling using a degenerate SRC should therefore bemore vul-
nerable to most optical deformations than the Initial-LIGO configuration (i.e., without a
Signal Recycling Mirror) would be. This problem will be observed in the results shown later
in this chapter, and possible solutions will be discussed (and demonstrated) in Sec. 4.3.2.

In spite of these limitations, as long as beam modes created by mirror deformations are
not resonant in the SRC/arm cavity system — and as long as the deformation-induced
modes aren’t completely lost due to scattering from very fine mirror roughness — the
implementation of Dual Recycling should be an effective system for reducing exit-port
power loss, thus increasing the tolerance of interferometers to deformations such as tilts,
curvature errors, and other smooth mirror imperfections.

4.1.3 Reducing signal degradation via “Wavefront Healing”

When Dual Recycling is used to control the exit-port power losses, the reduction of their
contribution to interferometer shot noise is only half of the story. The other, and perhaps
more important aspect to consider, is the re-introduction of this salvaged power into the
normal beam modes of the interferometer. By taking “waste” power and reclaiming it as
useful light in the Fabry-Perot arm cavities, it is theoretically possible to boost the GW-
signal back nearly to where it would have been for an interferometer with perfect mirrors,
possessing no surface or substrate deformations. This process of ameliorating the effects
of mirror deformations upon the GW-signal has been studied in the Dual Recycling litera-
ture [e.g., 26], and in this thesis we will refer to the process by one expression that has
been commonly used for it: “Wavefront Healing”.

Wavefront healing relies upon the ability of the reclaimed exit-port light to re-integrate
itself among the stored, resonant light within the interferometer arms. When this
reclaimed light consists mostly of TEM00 mode power, then it is easy to see that the pro-
cess should be an effective one (though this light does indeed have to get back into the
PRC part of the interferometer from the SRC part of it, which is equivalent to crossing the
beamsplitter dark-fringe). But when the reclaimed power consists entirely of higher mode
light, then some care must be taken to explain why (and if) this higher mode light should
contribute successfully to the GW-signal, rather than simply being irrelevant, or even cor-
rupting the TEM00 light that would have remained in the arms without Dual Recycling.

The configuration considered primarily by Meers and Strain [26] was that of a Dual-
Recycling interferometer withsingle-pass Michelson arms instead of arm cavities; that is,
the input mirrors to the arms —M2 andM3 of Figure 2.1 — would be nonexistent (i.e.,
unity transmission), so that the arms would be in direct contact with the beamsplitter, and
would not be separated off into isolated cavities. Furthermore, their signal detection
scheme did not rely (as does the Initial-LIGO configuration) on implementing a Schnupp
Length Asymmetry and having radio-frequency sideband beams resonant in the PRC;
rather, they assumed the use of an “external modulation” scheme [e.g., 71] for GW-signal
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detection, for which the local oscillator light needed for heterodyne detection was drawn
directly from the e-fields resonating in the Michelson arms1.

For such a system, Meers and Strain argued that the reclaimed exit-port powerdoes
not have to re-enter the original TEM00 mode to contribute to the creation of GW-signals;
rather, this higher-mode power would participate in the formation of a “new fundamental
mode” ( ) of the Dual-Recycled interferometer, that resonates effectively in the
system. And since the local oscillator light is drawn directly from the Michelson arm e-
fields that oscillate in this new fundamental mode, the overlap between the GW-induced
sidebands and the local oscillator light (both generated from the  mode carrier
light) would be as complete as if the modal structure of the interferometer had never been
perturbed by optical deformations. The process of wavefront healing is therefore expected
to be almost completely effective for this type of interferometer configuration.

The answer is less clear, however, for systems thatdo possess Fabry-Perot cavities in
the arms, such as Initial- or Advanced-LIGO interferometers. In such cases, the e-fields in
the arm cavities will almost entirely consist of the TEM00 mode (due to resonant suppres-
sion of higher modes), and will be very different from the e-fields in the PRC and SRC,
which they are separated from by the arm cavity input mirrors. In any case, the local oscil-
lator light may not even be drawn from the carrier light resonating in the Michelson arms,
since some advanced version of the Schnupp Asymmetry Scheme with RF-sidebands may
be used, so that the “new fundamental mode” of the interferometer may be completely irrel-
evant. If, as we will assume in this thesis, all of the GW-signal comes from the TEM00 com-
ponents of the GW-sideband and local oscillator e-fields (because of the TEM00 dominance
in the arm cavities), the question to be answered is this: can re-injected exit-port power con-
sisting of higher modes be converted back into TEM00 power in the arm cavities? Only then
could we say that wavefront healing is effective for a Dual-Recycled LIGO interferometer.

The empirical answer to this question, as determined by the runs of the simulation pro-
gram which we will discuss in Section 4.2.3, isyes. Non-TEM00 mode power that is
injected into the arm cavities is very efficiently converted back into resonant TEM00 mode
power. Despite the fact that the coefficient (nonzero due to mirror deformations) which
couples power from a given non-TEM00 mode (call it TEMXY) into TEM00 must be the
same as the one that couples TEM00 power into TEMXY, the resonance condition of the
arm cavities forces almost all power injected into them to re-enter and remain within the
original, unperturbed TEM00 mode.

This argument can be quantified as follows. Consider a simple cavity with input mirror
(amplitude) parameters  and , and a back mirror amplitude reflectivity of . If the
mode-mixing coefficient is given by , and the one-way propagation (Guoy) phase for the

1.  Specifically, it is drawn from the small amount of power that is reflected from the anti-reflective
coating of the beamsplitter, which is encountered during the process of A.R.-side reflection from
the optic (i.e., operator  from Figure 2.9). This extracted power is then RF-modulatedexter-
nally to the interferometer, which makes this detection scheme a heterodyne algorithm.
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TEMXY mode in the arm cavity is given byφ (with the resonant TEM00 mode having
“zero” phase), then the round-trip matrix operator for the cavity is written as:

(4.1)

With this cavity round-trip operator, we can use Eq. 2.54 to solve for the total operator
representing the action of the cavity on an excitation e-field, thus getting the steady-state
field that builds up inside the cavity, given an arbitrary mixture of TEM00 and TEMXY in
the excitation beam. The resulting cavity operator is equal to:

(4.2)

where:

(4.3)

From the above formulas, the power inside the cavity for either the TEM00 or TEMXY
mode can be computed (by taking the squared magnitude of the appropriate matrix ele-
ment), and can be plotted versus  (or ) in order to quantify the effects of either TEM00
power degradation due to mirror deformations of amplitude , or the converse effect of
wavefront healing via conversion of TEMXY power to TEM00 power within the cavity.

Though such plots are not shown here, the pertinent results can be quickly summa-
rized, for the choice of a “far off-resonant” TEMXY mode (i.e., ), and using
LIGO-like parameters of , , and . For a substantial
(~50%) reduction of TEM00 power in the cavitywithout recycling of the “lost” (TEMXY)
power, it is required that . For a deformation amplitude this large (and given a
far off-resonant TEMXY mode), it turns out that injecting 1 Watt of pure-TEMXY light into
the cavity causes ~4 Watts of TEM00 power to resonate inside of it; this is ~10 times more
cavity power than is generated in the TEMXY mode by this pure-TEMXY beam, and this
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“healing efficiency factor” can go as high as ~30 for larger deformation amplitudes.
Finally, considering the case of a pure-TEM00 excitation beam, we can compare what hap-
pens if power initially converted from  is retained in the cavity so that
it can eventually return via  during a wavefront healing process, versus
what would happen if any created TEMXY power is immediately lost from the system.
The result is that the amount of TEM00 power resonating within the cavity is fully 15%
higher if the TEMXY mode is retained in the system, rather than being thrown away, which
illustrates the wavefront healing capabilities of a single cavity.

For a full Dual-Recycled LIGO interferometer, the impact of wavefront healing should
be even more significant than the results quoted above, for several reasons. First, the SRC/
arm cavity system results in adouble-suppression of TEMXY light escaping through the
exit port, a situation that was not treated in the above example since the TEMXY power
that is reflected from the single cavity does not get recycled back to it indefinitely, as an
off-resonant mode in a Signal Recycling Cavity would be indefinitely recycled. Second,
the TEM00 double-resonance supported by the SRC/arm cavity system (it will be a double
resonance as long as  is not tuned too high) enhances the conversion of

 more effectively than the resonance of the single cavity does.

A third reason, is that for a “fully sealed” Dual Recycling interferometer like the con-
figuration of the proposed Advanced-LIGO system, there is nowhere for leaking TEMXY
power to go — assuming that it is not immediately lost to high-angle scattering during its
initial generation by interaction of the TEM00 beam with mirror deformations — in order
for it to effectively dissipate itself into the environment. This is in contrast to TEM00 light,
which has a very effective means of dissipation: it builds up resonantly in the system, and
thus a great deal of power is absorbed (or scattered) by repeated interactions with the mir-
rors via their small, ~50 parts per million of losses for each bounce. But TEMXY mode
power, which is non-resonant everywhere, does not get dissipated effectively by enhanced
interactions with mirrors. In short, if power is converted into the TEM00 mode, it becomes
resonant and dissipates very efficiently; but if TEMXY power is created, then it stays in the
system without being able to escape, giving it an extended opportunity to convert back
into the TEM00 mode — after which it quickly vanishes.

Fourth, and last, is the fact that when power is reclaimed and sent back into the arm
cavities, any of it which gets converted back into TEM00 power can combine coherently
(cavity length adjustments will match the phases) with theambient TEM00 light already in
the arm. Thus if a non-healed arm cavity has amplitudeA of TEM00 light already resonat-
ing within it, and amplitudeδ of both TEM00 light and TEMXY light are added to it
because of the Signal Recycling Mirror, then the TEM00 power will increase by the
amount , while the TEMXY power increases only by  — a very
significant different difference when computing the TEM00-based GW-signal benefits of
Dual Recycling.
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In the runs to be presented in Section 4.2.3, it is generally found that less than one per-
cent of the increased power in the arm cavities due to signal recycling remains in non-
TEM00 modes; almost all of the extra power, due to the wavefront healing effect for reso-
nant arm cavities, is converted back into the TEM00 mode.

This process of wavefront healing for arm cavity systems may seem somewhat non-
intuitive, since if “entropy in increased” by scattering TEM00 power into a great many
non-TEM00 modes, then doesn’t entropy getreduced during healing, since the power in all
of these modes is converted uniquely back into the TEM00 mode? The answer is that it
does, and no physical paradox is created by this effect, because it is always possible to
reduce entropy within a closed system byconsuming work. Achieving the wavefront heal-
ing effect is completely dependent upon the ability to lock the interferometer cavities to
the correct resonance conditions. This requires the expenditure of work, the application of
external forces upon the mirrors, and even the (entropy-generating) absorption of some of
the interferometer laser power by the length control systems in order to measure the mirror
positions and prescribe the correct adjustments. In the end, wavefront healing can be a
successful method for re-generating power in the arm cavities that is useful for GW-signal
creation, because the extremely complex array of interferometer control systems that oper-
ate within a LIGO interferometer ensure that it must be successful.

4.2 Demonstrations of Dual Recycling

4.2.1 Results from the literature: experiment and simulations

The predicted benefits of Dual Recycling have already been demonstrated, on a limited
basis, via experimental and numerical tests of simplified interferometers. Here we give a
quick summary of the principal verifications that are relevant to this thesis, not only in
order to demonstrate the promise which exists with a properly functioning Dual-Recycled
interferometer, but also to point out the complexities of a real-LIGO Dual Recycling sys-
tem which must not be ignored when predicting the ultimate quality of its performance.

A table-top Dual Recycling experiment was performed by Meers and Strain [26, 72] in
order to test the claims made by Meers (and discussed above in Sec. 4.1) about the robust-
ness of Dual Recycling for interferometers possessing geometric deformations. Their
setup was a Dual-Recycled interferometer using optics with 10% (power) transmission for
the Power Recycling and Dual Recycling mirrors, and with single-pass Michelson arms
(no Fabry-Perot arm cavities). The lengths of the arms were ~half of a meter, and they
used an Argon-ion laser ( ) for their “carrier” beam.

The optimistic predictions were borne out by their results. They found that Dual Recy-
cling reduced the fractional power leaking out of the interferometer exit port from 4x10-4

to 2.5x10-5, leading to a substantial (~20%) decrease in the overall shot noise level. They
also found that the presence of the Dual Recycling mirror increased the power stored in

λ 5.14 nm=
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the Michelson arms,as well as the useful GW-signal that could be extracted from it, the
latter being a result which indicates the action of “Wavefront Healing”1. In addition, these
beneficial effects of Dual Recycling went away for large-amplitude tilt deformations, for
which the presence of deformation-induced TEM00 mode in the Signal Recycling Cavity
began (as predicted) to make losses worse for their Broadband Dual Recycling scheme,
than they were in the absence of a Signal Recycling Mirror. Finally, their analytical predic-
tions as a function of mirror tilt matched both the measured exit port losses (with the first
few lowest-order modes dominating), as well as agreeing with the measured tuning curve
about the signal response peak of the Broadband system.

Despite these successes, there were a number of simplifications that had to be made
for their experiment to be possible, such as:

• They tested a Broadband system only. Because of the shortness of their Michelson
arms (and the lack of Fabry-Perot arm cavities), construction of a Tuned (Narrow-
banded) Dual Recycling interferometer was not possible.

• Their Signal Recycling Cavity was completely nondegenerate. Again, this is unlike the
case with Fabry-Perot arms, in which the SRC is a short (and degenerate) system
because it is separated from the nondegenerate (and for LIGO, long-baseline) arms by
the arm cavity input mirrors.

• Scattering was a less important source of loss for their system than for a LIGO inter-
ferometer, because their arms were short compared to the long-baseline LIGO arms.

• Their beams (with waist size ~.2 mm) were likely very small compared to the sizes of
their mirrors, thus rendering negligible the effects of edge-diffraction losses and power
falling off of the mirrors due to moderate-angle scattering from mirror deformations.

• They only examined geometrical deformations (and in particular, only tilts); there was
no real study of the effects of significant “realistic” (see next point) deformations upon
interferometer power buildup.

• Their small spot-size beams would not have sampled the range (or amplitude, as per
the discussion at the beginning of Sec. 2.6) of mirror deformations that will be impor-
tant for real-LIGO interferometers.

Each of the properties mentioned above for a “real-LIGO” Dual-Recycled interferometer,
that could not be tested in their experimental apparatus, can be modelled by our simulation
program. And, as will be seen in the following sections, every one of these properties is

1.  In particular, the kind of wavefront healing which occurs in the absence of Fabry-Perot arm cav-
ities or a Schnupp Length Asymmetry scheme, as was discussed in Sec. 4.1.3.



142

responsible for creating dramatic and often harmful (though sometimes fixable) effects in
a real Dual Recycling interferometer.

We note that our work is not the first simulation-based research done for Dual-Recy-
cled interferometers. Investigations have been performed by McClelland and colleagues
[29, 49, 70, 73, 74] for the performance of Dual Recycling for full-scale interferometers
(i.e., ~3-4 km long Michelson arms). This simulation work was able to generalize the ver-
ification of Dual Recycling beyond the table-top experimental results, to the extent of
addressing some of the concerns listed above; this has included simulations of Broadband
and Tuned Dual Recycling systems, for realistic beam and mirror sizes. But by and large,
only systems with single pass Michelson arms were included, instead of Fabry-Perot arm
cavities1, and thus the behaviors (such as the possible degeneracy, and the SRC/arm cavity
double-resonance) of an SRC separated from interferometer arms by mirrors were not
considered. More importantly, even though the list of deformations that were studied was
expanded to mirror curvature errors as well as tilts, these are still only “geometric” defor-
mations, which do not capture all of the effects of realistically deformed optics upon the
interferometer beams. Alleviating this lack is the primary function of our Advanced-LIGO
simulation program, with which, due to computational speedup and efficient program
algorithms (as discussed in Sections 2.2, 2.4, and 2.5), we are able to model the effects of
realistically deformed optics — i.e., “rough” optics, possessing realistic surface and sub-
strate power spectra — for a full-LIGO Dual-Recycled interferometer. And the program
also possesses the ability to produce a reasonably thorough sampling in GW-frequency
space, for the construction of simulated interferometer response curves.

We will not discuss in further detail the results of Dual Recycling numerical simula-
tion work done by previous researchers, only to say that the results were very good and in
accordance with the predictions of the robust behavior of Dual Recycling in the presence
of geometric mirror deformations. There is one point of note, however, mentioned in [49,
70], which states that Dual Recycling initially made exit port lossesworse for curvature
mismatch errors, because of the accidental resonance of the TEM20 and TEM02 modes in
the SRC. As has been mentioned at the beginning of Chapter 3, this problem was removed
by changing the mirror curvatures — and hence, the round-trip Guoy phases for modes in
the SRC — so that these curvature-error-induced modes became non-resonant. But in the
case of realistically deformed mirrors (which exciteevery beam mode to some degree),
and for a Dual Recycling interferometer with Fabry-Perot arms (which thus has a short,
degenerate SRC that can be resonant for every non-TEM00 mode simultaneously), it is
simply not feasible to adjust the mirror curvatures to make every single one of an infinite
number of modes non-resonant in the SRC/arm cavity system. Demonstrating the effects
of this problem, as well the demonstration of an achievable solution (SRC degeneracy-
breaking, along with finite-sized mirror apertures) will be discussed in Section 4.3.

1.  The only published simulation results with Fabry-Perot arms in a Dual Recycling interferometer
were shown in [74], based upon the (unpublished) thesis work of B. D. Stanley.
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First, however, the remainder of Section 4.2 will be devoted to demonstrating the
(moderately) successful and well-predicted performance of Dual Recycling in the pres-
ence of realistically imperfect optics, for both the Broadband case and the Narrowbanded
case with low tuning frequencies.

4.2.2 A quick look at Broadband Dual Recycling

In our studies of Dual Recycling with realistically imperfect mirrors, we consider interfer-
ometers with essentially the same configuration as the Initial-LIGO case, as defined in
Table 2.1 (with relevant modifications listed for the Dual Recycling configuration). We
also use the same surface and substrate deformation maps that have been discussed in Sec-
tion 2.3.3.4, and that were used for the Initial-LIGO characterization runs in Chapter 3. To
this configuration we add a Signal Recycling Mirror with its own surface and substrate
maps (from the same families as the maps for the other mirrors), and use this mirror’s
reflectivity coefficient, as well as the SRC tuning frequency for GW-signal optimization
( ), as parameters to be varied from run to run. In addition, note that the runs in the
remainder of Section 4.2 will use a “short” length, 5 m, for the distance between the beam-
splitter and the Dual Recycling Mirror, thus implying a degenerate SRC.

As discussed above in Section 4.1.1.2, Broadband Dual Recycling will likely be of less
interest than Tuned Dual Recycling for Advanced-LIGO systems (and more generally, for
ground-based interferometers with mirrors possessing realistic Q-factors), because the
large levels of seismic and thermal noise at low GW-frequencies reduces the usefulness of
improvements to the shot noise sensitivity limit for Broadband or near-Broadband SRC
tunings. Our primary results in this thesis will therefore be for Narrowband cases. Never-
theless, a small set of Broadband runs happens to be useful as a clear-cut verification of
the predicted behavior of interferometer e-fields in the presence of optical imperfections,
in a special case where the results for realistic mirror deformations behave in a way that
largely obeys the intuition which has been developed from the study of geometric defor-
mations.

In Figure 4.3, the amount of power lost through the interferometer exit port is shown
(normalized to 1 Watt of carrier power for the interferometer excitation laser), for runs
possessing deformed substrates andλ/800 surfaces on all of the mirrors. The results are
plotted versus the (power) reflectivity of the Signal Recycling Mirror, which is varied from
zero (i.e., the complete absence of the mirror and all of its effects) to .

Both the total exit power and the power in the TEM00 mode alone are shown, and the
results bear out the standard predictions for Broadband Dual Recycling. AsRdual is
increased, the exit-port power lost in the TEM00 mode is made larger, because it is doubly-
resonant in the SRC/arm cavity system; but the total, summed power lost inall modes is
made smaller for increasingRdual, because all of the non-TEM00 modes are non-resonant
to various degrees in the Fabry-Perot arm cavities, and thus they are all anti-resonant in the

νGW
optim.

Rdual 0.9=
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Figure 4.3:Fraction of interferometer excitation laser power lost through the exit port,
plotted versus the power reflectivity of the Signal Recycling Mirror. These results are for

Broadband Dual Recycling, i.e., optimized for a GW-frequency of zero.

degenerate SRC. The net effect for these runs — which have a mirror deformation level
that is effectively quite large (~45% reduction in stored arm cavity power!), and which
sends power into the SRC in all different modes, TEM00 included — is that there is an
overallreduction in loss asRdual is increased, because the losses due to non-TEM00 modes
(which dominate the total loss for lowRdual values) are reduced. But the TEM00 mode
already comprises more than half of the lost power at , and it will dominate at
even higherRdual, so that above a certain threshold the power loss will beginincreasing
with increasingRdual. This harmful effect of Broadband Dual Recycling, discussed in Sec.
4.1.2 and well known in the literature [26, 49, 70], will begin to degrade interferometer
performance at even lower values ofRdual, when the system has optical deformations that
are more effective than our mirror surface and substrate deformations (which mostly scat-
ter power into very high modes) are at sending TEM00 power into the SRC to be amplified
and lost. Thus we see that Broadband Dual Recycling cannot be used with large values of
Rdual for significant levels of optical deformations in the interferometer. As stated in Sec.
4.1.1.2, however, this is not generally a strong limitation on the usefulness of Broadband
Dual Recycling, since it is limited anyway to small values ofRdual because of the domina-
tion of random-force noise sources at low GW-frequencies.
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As a last comment, we note that it is actually good to have adegenerate SRC for
Broadband Dual Recycling, since that allows all non-TEM00 modes to be simultaneously
anti-resonant there. A non-degenerate SRC would shift the modes from anti-resonance to
various states of non-resonance, and perhaps a few of the modes would become (nearly-)
resonant, thus greatly amplifying the losses in those modes.

4.2.3 A Narrowband study with GW-frequency tuned to 200 Hz

In this section, we will consider results from simulation runs with a “Narrowband” Dual
Recycling interferometer, in particular one that is tuned to a GW-frequency of 200 Hz.
Tuning  to ~few hundred Hz (or ~1-2 kHz) is useful not only because it moves the
region of maximum detector sensitivity away from low-frequency noise sources, but also
because it facilitates the detection of GW-sources which radiate within that general fre-
quency band.

For coalescing Black Hole/Black Hole (BH/BH) binaries, it is possible that the poorly-
understood “merger” stage of the coalescence, during which the two bodies plummet in
free-fall until they collide and begin relaxing into a single object, may be the most signifi-
cant epoch of GW-radiation for the BH/BH system. The merger phase (shown as wavy
lines in the characteristic GW-signal strength curves from Figure 3.6) occurs at the end of
the “inspiral” phase, and before the final “ringdown” phase. Flanagan and Hughes have
estimated [61] that the merger phase begins when the GW-emission frequency is given by:

(4.4)

where the latter equality was obtained assuming (for good overlap of GW-emission with
the LIGO sensitivity band) a system of two identical, ten-solar-mass black holes. They
also estimate the upper-bound (“shut-off”) frequency for merger GW-emissions to be at:

(4.5)

Equations 4.4 and 4.5 imply an approximate frequency range of interest for Narrow-
band Dual Recycling, and similar ranges can be inferred from the physics of other promis-
ing sources. The GW-emission from non-axisymmetric pulsars (which has a frequency of
twice the pulsar rotation frequency) can be estimated [7] to lay within a typical range of
~20 – 1000 Hz, and radiation during “centrifugal hangup” or “neutron star boiling” behav-
ior in the cores of supernovae have also been estimated [9] to lay within a similar fre-
quency range.

Given these bounds, we have performed a comprehensive study of a Dual Recycling
interferometer that is tuned to , a value just high enough to sample
important physics (e.g., at the boundary between the inspiral and merger phases of BH/BH
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binaries), while still being low enough to have to consider the importance of seismic and
thermal noise. This study will be followed up in Sec. 4.3.2 by a smaller selection of runs
both with this tuning frequency and with , in order to study some of the
problems with Narrowband Dual Recycling at moderate and high tuning frequencies, and
in order to discuss (as well as demonstrate) some possible solutions.

The runs to be discussed here have been done with deformed substrates on all of the
mirrors (including the Signal Recycling Mirror), and with deformed surface maps from
the λ/1800,λ/1200,λ/800, orλ/400 families; in addition to these runs, simulations were
also done with “perfect” mirror surfaces and substrates. For each run with the SRC tuned
to an optimization frequency of 200 Hz, the (“plus” and “minus”) GW-sidebands at many
frequencies were simulated in order to produce discrete (but well-represented) frequency-
response curves. The (unnormalized) GW-signal at each frequency,fGW, is taken to be the
sum of the absolute values of the interferometer signal-port e-fields at , as in Sec-
tion II.A. of [25]. The principle parameters which we vary in order to generate distinct
runs includes the family of surface deformations that is used for a given run, as well as the
power reflection coefficient of the Signal Recycling Mirror,Rdual.

In Figure 4.4, several plots are shown (each for a different value ofRdual) which depict
the frequency response curves obtained for runs with different mirror maps. From the top,
the dotted lines (each dot representing a frequency for which the plus and minus GW-side-
bands were simulated) represent, respectively, the “perfect mirrors” run, theλ/1800 run,
and theλ/800 run. Each plot is shown along with a solid line representing the analytically-
calculated response curve of the Dual-Recycled interferometer, a function which has been
discussed (with examples shown) in Sec. 4.1.1.2. These curves represent theoretical pre-
dictions of the GW-response using all of the physical parameters of the (perfect) interfer-
ometer, as per Table 2.1, in addition to the implementation of 2 parts per million (“ppm”)
of extra loss for each arm cavity back mirror (where the beam spot size is the largest, and
the circulating power is greatest), to account for diffraction losses which predominantly
occur at these finite-sized arm cavity back mirrors1. We can draw several important con-
clusions from these plots. First of all, we note that the “perfect mirrors” runs match the
theoretical predictions very well, thus providing some evidence that the Dual-Recycled
system is being modelled correctly by the simulation code. Second, the use of maps of
realistically deformed mirrors does not reduce the overall GW-sensitivity by an over-
whelming factor. Lastly, we note that theshape of the frequency response curves do not

1.  It is easy to show [e.g., 17] that the power cut immediately out of the beam by the apertures of
the arm cavity back mirrors, given the interferometer parameters which we have used, is ~1.0 ppm
per reflection. This value has been doubled to 2.0 ppm in our calculations because of diffractive
effects; specifically, if the beam encountering the back mirror is in the fundamental mode (or any
other given mode), then a simple overlap calculation shows that the amount of power taken out of
that mode by a hard-edged apertured is exactlytwice the amount of power that is immediately lost
at the aperture. This “extra loss” is actually power which has been shifted to higher modes, much of
which will get cut out by the apertures during the next reflection at the arm cavity back mirror.

νGW
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f GW±
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Figure 4.4:The GW-signal amplitude is plotted versus GW-frequency for several values
of the Signal Recycling Mirror reflectivity, for a tuning optimization frequency of 200 Hz.
Each plot compares the theoretically-calculated response curves (solid lines) with results
from runs of our simulation program (dotted curves) using, in order of decreasing overall
magnitude: (i) perfect mirrors, (ii) lambda/1800 mirrors, and, (iii) lambda/800 mirrors.
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change due to the presence of deformed mirrors. In particular, they do not spread the sen-
sitivity peaks out significantly (which would destroy the narrowbanding effect which is
sought by this configuration), but rather appear to just reduce the response curves by an
overall, broadband factor. This effect is due to fact that the predominant losses are due to
scattering of carrier power (and to some extent, GW-sideband power) out of the system in
the Fabry-Perot arm cavities, which essentially reduces the “reservoir” of power stored in
the arms for GW-detection, thus reducing the overall magnitude of the GW-generated
fields that could be extracted for signal detection.

Since a highly reflective Signal Recycling Mirror implies that the GW-sidebands must
be stored in the SRC/arm cavity system for a long time in order to produce a deep, narrow-
banded resonance, it is clear that a large (i.e., near-unity) value ofRdual will cause the opti-
cal deformations in the mirrors to be sampled more extensively, thus leading to higher
losses in the system1. As with the optimization of the reflectivity of the Power Recycling
Mirror (Sec. 2.5.4), the highest gain that can be achieved with a resonant cavity (or a dou-
bly-resonant, coupled-cavity) system is limited by the cavity losses. A question which
must be addressed, therefore, is how high a value ofRdual can be used for an interferome-
ter with deformed mirrors, and whether or not mirrors with very high (but “realistic”) lev-
els of deformation would make the successful use of Tuned Dual Recycling impossible.

This question is addressed, at least in preliminary fashion, in Figure 4.5. In this figure,
each line connecting the data points shows (for a given value ofRdual) the fractional reduc-
tion of the (TEM00-based) GW-signal atν = 200 Hz, as the mirrors are changed from the
perfect case to theλ/400 case. What can be concluded is that makingRdual as high as 0.9
causes little harm to the GW-signal amplitude, compared to not having Dual Recycling at
all; but going as high as  causes nearly one-third of the signal that had
remained for theλ/400 case to be lost. In other words, anRdual of 0.0 withλ/400 mirrors
retains ~47% of the GW-signal that it had for the perfect mirrors case, and anRdual of 0.9
with λ/400 mirrors retains ~44% of the GW-signal that it had for perfect mirrors, but an
Rdual of 0.99 withλ/400 mirrors retains only ~30% of the GW-signal that it had for perfect
mirrors. Clearly, drivingRdual up to values in the vicinity of 0.99 causes a serious increase
in the deformation-induced losses to occur for the GW-signal resonating in the arm cavi-
ties and in the SRC.

The significance of these results lay in the detector bandwidths that are represented by
these choices of Signal Recycling Mirror reflectivity. At , using

 produces a GW-signal peak with a full-width at half-maximum (FWHM)

1.  This effect of increased losses for a higherRdual is not related to the “Wavefront Healing” effect
that is discussed later in this section, and in fact it acts in an opposing fashion. Wavefront healing
enhances the GW-signal by catching carrier light before it escapes through the exit port, and recy-
cles it back into the system to increase the power available for interaction with GW’s. But for very
high values ofRdual, the GW-induced signal sidebandsthemselves cannot exit the system for detec-
tion without first experiencing large losses (due to high-angle scattering and mirror absorption),
because of their long storage in the double-cavity system of the SRC and Fabry-Perot arm cavities.

Rdual 0.99=

νGW
optim.

200 Hz=
Rdual 0.9=
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Figure 4.5:Fundamental-mode GW-signal ratios comparing runs with particular mirror
deformation maps versus their “perfect mirrors” cases. Each solid line connects the points

that share a given value of Rdual. The values used here are 0, .1, .3, .5, .7, .9, and .99.

of ~50 Hz (still not extremely “narrowband”), while using  produces a
FWHM of ~8 Hz. In a paper by Krolak,et al. [68], which analyzes the optimization of the
interferometer sensitivity curve for the detection of coalescing binaries, the FWHM values
which they discuss are in the range ~5–8 Hz, with the optimal value being 6 Hz (and they
state the optimum bandwidth for periodic sources to be merely half of this, at 3 Hz).
Though these optimum bandwidths were quoted for a setting of , for
which it is a little easier (i.e., lowerRdual values can be used) to obtain narrow sensitivity
peaks, the main result from Fig. 4.5 still stands: a very deep narrowbanding cannot be
done without additional loss of signal in cases with highly deformed mirrors, since the run
with λ/400 mirror surfaces and  has already lost ~70% of its amplitude in the
peak of the response, and much of that loss came in the last step of narrowbanding from a
FWHM of ~50 Hz to ~8 Hz. And for tuning  to values of up around ~1–2 kHz,
where values ofRdual which are much closer to unity are necessary to truly narrowband
the signal, this problem will likely be even worse. It therefore appears that mirror quality
which is significantly better than theλ/400 mirror family would be recommended in order
to achieve a truly narrowbanded GW-response function for Tuned Dual Recycling.
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Moving beyond the problem of (non-exit-port) losses causes by ultra-high-finesse Sig-
nal Recycling Cavities, we can consider how the presence of moderate to high values of
Rdual can successfully prevent unwanted (i.e., non-signal-bearing) power from escaping
through the interferometer exit port. The results are shown in Figure 4.6, in which the exit
port lost power (in all modes) is shown as a function of mirror deformation amplitude, for
several curves with distinct values ofRdual. With the exception1 of a couple of small-but-
nonzero values ofRdual (0.1 and 0.3), it is clear that increasingRdual really does decrease
the exit port losses — thus implying that this recycled power is sent back into the system,
possibly to undergo wavefront healing and thus contribute to the GW-signal — and for
values of higher than 0.9 or so, increasing the amplitude of mirror deformations has
almost no effect at all in terms of increasing the exit-port power losses. Thus this particular
prediction of Dual Recycling is verified for this SRC-tuning case, and higherRdual values
can indeed prevent most of the SRC power from escaping to the exit (i.e., signal) port pho-
todetectors, thus reducing the shot noise level of the interferometer output signal.

Figure 4.6: Interferometer exit-port power losses as a function of rms mirror (surface)
deformation amplitude, for different values of the Signal Recycling Mirror reflectivity.

1.  The fact that a “little” Dual Recycling (i.e.,Rdual = 0.1 or 0.3) is worse than no Dual Recycling
at all is due to SRC-degeneracy effects, which will be discussed more fully in Section 4.3.2.

0.5 1.5 2.5210 3
Mirror
Surface
RMS (nm)1200

λ
Perfect
Mirrors 1800

λ
800
λ

400
λ

R      = .99dual

R      = .9dual

R      = 0.0dual

R      = .1dual

R      = .3dual

R      = .5dual

R      = .7dual

0.04

0.03

0.02

0.01

0

       Power Lost
(All Modes, Exit Port)

(ν       = 200 Hz)
Optim.

GW



151

Though this prediction of Dual Recycling is correct, the relevance of it may be
debated, since the exit-port power losses are never very high (always less than ~5% of the
excitation laser power, as shown in Fig. 4.6). Thus any local oscillator power at the signal
port (which we do not directly model) will contribute shot noise that will swamp that con-
tributed by the carrier e-fields,in addition to the fact that any GW-signal gained due to
wavefront healing will be extremely minor. This is due to the fact that the principle source
of loss for “realistic”, high-spatial-frequency mirror deformations is due toscattering
losses in the Fabry-Perot arm cavities, rather than due to exit port losses (which are really
more important for “geometric” mirror deformations such as tilts or curvature errors). In
fact, for runs withλ/800 mirrors we estimate thatnearly half of all of the power in the
original excitation laser beam is lost due to scattering from these simulated mirror defor-
mations (with the other half of the power being lost “normally”, from the 50 ppm of loss
per interaction of the highly resonant cavity fields with the mirrors). These high scattering
losses thus reduce the amplitudes of the GW-induced fields generated from the carrier
beam in the arm cavities by (in this case) ~ ; and virtually none of that signal is reclaim-
able by Dual Recycling, since to quote Meers and Strain [26], “light which is scattered at
high angles is gone for good”. The exit port losses, by comparison, are not a significant
factor in determining overall interferometer behavior.

These conclusions are demonstrated by the data in Table 4.1, which is also depicted in
Figure 4.7. The data in the table does indeed show that the carrier power stored in the arm
cavities (specifically quoting the results for the inline arm cavity) generallygoes up for
increasingRdual, especially for large mirror surface deformations1, and thus wavefront heal-
ing works, as predicted. But because of the presence of fine-scale mirror roughness defor-
mations in “real” mirrors, the small amount of wavefront healing that can happen is not
significant. This is apparent in Fig. 4.7, in which it is seen that the curves representing all of
the different values used forRdual lie right on top of one another, and thus changingRdual has
no real effect (only a ~3-4% increase, at most) upon the overall arm cavity power. This is in
contrast to the way that the stored arm carrier powerplummets due to the increasing ampli-
tude of the mirror surface deformations. Thus the overall conclusion which we can draw is
clear: in order to maintain high carrier power in the arm cavities for GW-signal generation,
the implementation of Dual Recycling is not a sufficient solution; rather, the best solution is
to make better (especially smoother) mirrors for the interferometer. Reading this result as
severely as possible, the true importance of Dual Recycling (for “realistically deformed”
mirrors, at any rate) appears to lay more significantly in its GW-signal curve adjustment
capabilities, than in any ability to maintain high carrier power in the arm cavities. Never-

1.  IncreasingRdual does not help in the case of perfect mirrors, because there the exit-port power
consists of modes created by distortions in theMichelson part of the interferometer (due to the
Schnupp Length Asymmetry, clipping by the beamsplitter apertures, etc.; c.f. Figure 3.4), and thus
the Fabry-Perot arm cavities do not have the proper “matrix elements” (i.e., deformation patterns)
to send this recycling power back into the TEM00 mode. Thus wavefront healing cannot occur.

2
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Table 4.1:Power resonating in the inline Fabry-Perot arm cavity (normalized to 1 Watt of
carrier excitation power), as a function of Signal Recycling Mirror reflectivity and mirror

deformation amplitude. A small amount of “wavefront healing” is demonstrated.

Figure 4.7:Resonant power buildup in the inline Fabry-Perot arm cavity, plotted versus
mirror deformation amplitude. The curves representing different Signal Recycling Mirror

reflectivities are virtually indistinguishable, despite the effects of Wavefront Healing.

Mirror Surface Roughness Family (RMS)

Rdual “Perfect” λYAG/1800 λYAG/1200 λYAG/800 λYAG/400

0.0 4727.1 3997.6 3363.0 2484.1 1040.7

0.1 4722.4 3989.5 3352.6 2473.1 1034.8

0.3 4719.0 3991.8 3358.0 2480.8 1041.0

0.5 4716.9 3999.0 3370.2 2496.3 1052.3

0.7 4715.3 4007.0 3383.7 2513.2 1064.4

0.9 4714.1 4014.5 3396.1 2528.8 1075.7

0.99 4713.8 4017.4 3400.9 2534.9 1080.3
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theless, if the exit-port carrier power losses are indeed deemed to be significantly higher
than desired (though perhaps small in an “absolute” sense), then Dual Recycling has been
shown in the above plots to be successful at bringing these losses down.

In order to test that our program could correctly simulate the effects of wavefront heal-
ing in cases when they are truly significant, we performed runs for a Dual Recycling inter-
ferometer with perfect surfaces and substrates, but for one in which a “geometric
deformation” has been added:tilts have been placed (antisymmetrically, to maximize exit
port losses) on the two back mirrors of the Fabry-Perot arm cavities. The four tilt cases
which we ran used tilt angles (on each back mirror) ofθ = 0, 0.32µrad, 0.475µrad, and
0.95 µrad (for comparison, the “characteristic angle” at the back mirrors is given by

). Note that these angles have been specifically
chosen to cause the same degradation in the computed arm cavity powers (for anRdual
value ofzero) as the realistically deformed mirror runs caused when using, respectively,
the perfect,λ/1200,λ/800, andλ/400 mirror families.

The results of these runs are shown in Figure 4.8, where this time we have plotted the
stored carrier power in the (inline) arm cavity as a function ofRdual, for curves represent-
ing different tilt values. The results shown here are very clear: increasing the reflectivity of

Figure 4.8:Resonant power buildup in the inline Fabry-Perot arm cavity, parameterized
by arm cavity back mirror tilt values, and plotted versus Signal Recycling Mirror

reflectivity. The effects of Wavefront Healing for high reflectivity values are evident.
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the Signal Recycling Mirror strongly reduces the exit port losses1, and hence restores the
power in the arm cavities, which remains almost entirely TEM00 mode power. Using

, in fact, practically eliminated the adverse effects of the largest tilts that we
modelled. This, then, is the true verification of wavefront healing, for a case where it is
truly an important effect. So if wavefront healing cannot be used to recycle the light lost
due toscattering from “realistic” mirror deformations, then at least it can relax the toler-
ances on tilts and curvature mismatch errors of the interferometer optics. Still, we should
note that the auto-alignment systems of LIGO arealready intended to control mirror tilts
to within ~.01µrad [39] with or without the help of Dual Recycling, which is much too
small to cause losses that are even remotely close to those which we have computed for
any of the “realistically deformed” mirror cases.

To wrap up this section, we take the demonstrated effects of dual recycling — includ-
ing signal enhancement and narrowbanding, noise reduction, and whatever wavefront
healing effects have been achievable with realistically deformed mirrors — and combine
them to produce an example of the overall benefits that the implementation of Dual Recy-
cling could have for a LIGO interferometer. The shot-noise-limited part of the sensitivity
curve must be computed, and its alteration due to Dual Recycling must be placed in per-
spective to the other dominant noise sources of the (Initial-) LIGO interferometer: seismic
and thermal noise.

First, we compute the shot noise contribution via a straightforward, order-of-magni-
tude procedure. The GW-signal is produced by beating together the “local oscillator” light
(i.e., radio-frequency sidebands) with the GW-induced sideband light, each of which exits
the system at the interferometer signal (exit) port. The signal amplitude will thus be pro-
portional to the product of these e-field amplitudes. Similarly, the shot noise will be gener-
ated by the power exiting the system there, including any carrier power which has not been
prevented from escaping through the exit port, in addition to the local oscillator RF-side-
band light which exits there intentionally for signal detection purposes. The (amplitude)
signal-to-shot-noise ratio of the interferometer therefore obeys the proportionality:

(4.6)

Note that the Gravitational-Wave amplitude,h, has been factored out in the numerator so
that we may use values of  (as depicted in Figures 4.1, 4.2, and 4.4) in this for-
mula that are not normalized by any particular GW strength. Also note that both

 and  represent the sums of the amplitudes of plus and minus side-
band fields.

1.  Once again, we note that small-but-nonzero valuesRdual such as 0.1 or 0.3 make the losses
worse, instead of better, due to the SRC-degeneracy effect which will be studied in Sec. 4.3.2.
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The square of this ratio must then be multiplied by the efficiency of the output photo-
detector,η; and the shot noise power in the denominator — which is a measure of the
uncertainty of thenumber density of photons striking the output photodetector at a given
time — must be multiplied by Planck’s constant (hpl) and the frequency of the (carrier)
laser beam,νLas (c.f. Eq. 1.7 and ensuing discussion). By setting the  ratio obtained
in this way to unity, and solving for the resulting “shot-noise-limited” detectable value of
h, we get:

(4.7)

To convert this formula into a numerical result, we must set values for various quanti-
ties. The (Nd:YAG) laser frequency can be determined from the light wavelength of 1.064
microns, and as usual we assume a photodetector efficiency ofη = 0.8. The total excitation
laser power used for generating the carrier and RF-sidebands (and ultimately, the GW-
sidebands as well) will be specified as 6 Watts, the typical power level that is assumed for
the Initial-LIGO lasers.

Now, because RF-sidebands are not modelled in our Dual Recycling code, neither the
amount of local oscillator power emerging from the signal port, nor thedivision of laser
excitation power between the carrier and sideband frequencies via RF-modulation, can be
numerically determined. In lieu of this, we assume a modulation depth that is “typical” of
what we found for simulations of the Initial-LIGO interferometer; by examination of
Table 3.1 for the results withλ/800 mirrors (and no output mode cleaner), we choose a
modulation depth ofΓ = 0.5, which means that there is initially ~5.3 Watts of carrier
power and ~0.7 Watts of RF-sideband power initially entering the interferometer. We then
make the rough approximation that ~90% of this RF-sideband power eventually makes it
to the exit port, in order to serve as local oscillator light for GW-detection. The net result
of these steps is that for the various power terms in Eq. 4.7,  and

 are normalized by the factor 5.3, and  is normalized by the factor 0.63.

Lastly, to compute the shot noise level implied by Eq. 4.7, we must specify the carrier
power which is leaking out of the exit port, . As our example case, we will use runs
with λ/800 mirror surface deformations (along with deformed substrate maps), forRdual
values of zero (i.e., “no Signal Recycling Mirror”) and 0.9. For those runs, the exit port
carrier power is, respectively, 2.234 x 10-2 and 4.115 x 10-3 (before multiplication by 5.3
is done to obtain their values in Watts).

Once the shot noise curves for the two runs have been thus determined, a quadrature
sum of all contributing noise sources must be made to obtain thetotal noise curve in each
case, much as was done previously in Sections 3.4.1 and 3.4.2 for runs with the Initial-
LIGO configuration. Here, in order to represent the seismic noise curve, we will use the

S N⁄

h̃SN f GW( )
hpl νLas

η------------------
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same formula as was used above and depicted in Figure 3.1. This formula is the Initial-
LIGO requirement [55] for the seismic noise level, and it is given as:

(4.8)

For the thermal noise, however, it is not appropriate to use the same noise curve as
used previously (which was ), because the thermal noise requirement
curve for the Initial-LIGO interferometers is actually acomposite curve meant to capture
the effects of two distinct thermal noise contributions: internal vibrational noise within the
mirrors, and pendulum-motion noise by the mirror suspensions. Internal thermal noise and
suspension thermal noise have different functional dependencies upon GW-frequency, and
for a configuration like Dual Recycling which has the capacity for deep narrowbanding to
obtain sharp sensitivity peaks, it is not sufficient to approximate the total thermal noise
curve well over a particular (possibly small) region; each contribution must be individu-
ally represented.

Theoretical models for the suspension thermal [75, 76] and internal thermal [77] noise
of LIGO mirrors have been studied by Gillespie and Raab, and formulas for the estimated
mirror displacement errors thus generated were presented in a LIGO internal document on
suspension design requirements [78]. In each case there is a (frequency-independent)
“structural loss” value determining the amplitude and/or frequency dependence of the
noise; we use recent estimates of  and  from
an internal LIGO document on the suspension preliminary design [79], and a factor of

 to convert from displacement noise to an equivalent rms Gravitational Wave
strength. This yields the following expressions for the thermal noise components:

(4.9)

(4.10)

Using Eq’s. 4.7 – 4.10, we can now compute the total noise curve as follows:

(4.11)

The total noise curves for the runs with and without Dual Recycling, along with each of
the individual noise components that comprise these curves, are shown in Figure 4.9.
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Figure 4.9:The Gravitational-Wave strain sensitivity of a simulated LIGO interferometer
is shown, as a sum of all contributing noise sources. The narrowbanding and peak

enhancing effects with Signal Recycling (Rdual = .9) are compared to the frequency
response without Dual Recycling (Rdual = 0), for runs using lambda/800 mirror

deformation maps. Note that the gain is peak sensitivity is limited by thermal noise.

This figure shows that Dual Recycling can indeed improve the sensitivity over a nar-
row band in frequency space, and hence produce a “notch” in sensitivity within some
region of interest (e.g., to search for a pulsar of known rotation frequency that is believed
to emit significant power in GW’s). On the other hand, it is also shown how most of the
deep, shot-noise-limited sensitivity enhancement achieved by a high Dual Recycling fac-
tor is rendered useless, due to the presence of an internal thermal noise “barrier”, which
decreases only as the square root of the GW-frequency. Thus much of the good of Signal
Recycling for large values ofRdual would be undone without an improvement in the mirror
internal thermal noise, and in fact the loss of sensitivity away from the peak turns the use
of high Rdual into a more questionable trade-off. This result stresses the importance of
improving the internal thermal noise curve, such as through the use of lower-mechanical-
dissipation materials for mirror substrates (e.g., sapphire instead of fused silica [12]). If
the Q-factors of the materials used for the mirrors could be improved by something like
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~10–100, then the amplitude of the  curve could be reduced by an overall
factor of .

It is clear that more of the sensitivity peak becomes useful as the optimization fre-
quency of the SRC, , is tuned higher. This will indeed allow a sharper sensitivity
peak to be created, but at the cost of moving away from frequencies like 200 Hz, where
significant GW-emission events such as the onset of the “merger” phase for 10 Solar Mass
Black Hole/Black Hole binaries (as well as the heart of the merger phase for more massive
binaries) are expected. And even going all the way to a tuning of
improves the internal thermal noise limit by only a factor of .

To sum up the results of this section, we conclude that Dual Recycling does indeed
work — to a limited extent. It does reduce the exit port carrier power loss, and thus the
shot noise, to a significant degree (if the total shot noise level is not completely dominated
by contributions from local oscillator light), and a narrowband sensitivity peak can indeed
be achieved even in the case of realistically deformed mirrors. In Fig. 4.9, particularly, the
sensitivity was improved by a factor of ~1.36 (26% noise reduction) at the optimization
frequency of 200 Hz, leading to a projected event rate enhancement of ~(1.36)3 ~2.5. Nev-
ertheless, it is clear that the most benefit can be gained out of Dual Recycling ifbetter mir-
rors are made. Not only would a decrease in the mirror internal thermal noise level allow
more of the Dual Recycling sensitivity peak to be usefully employed, but mirrors with bet-
ter high-spatial-frequency polishing and good coatings would reduce the high-angle scat-
tering losses which dominate the system, and might also allow the benefits of “wavefront
healing” to become a significant factor in maintaining high Gravitational Wave signals.

4.3 Problems and solutions for Dual Recycling

4.3.1 Large-aperture mirrors and scattering losses

As noted above, the primary reason why wavefront healing was not very successful for
recycling “lost” power into the interferometer for the regeneration of arm cavity power, is
that most of the losses due to realistic mirror deformations consisted of power that is scat-
tered beyond the apertures of the finite-sized mirrors. A possible solution to this problem
becomes obvious: perhaps the mirrors can be made larger, this enabling the capture and
recycling of more of the mirror-perturbed light power.

To address this question, we have performed four sets of simulation runs: with Signal
Recycling ( ) and without it, for both the perfect mirrors case and theλ/800
mirrors case. The goal is to see how close Dual Recycling can bring the stored arm cavity
power back to its value for the perfect mirrors case, and also to determine how much of
this “healing” (if any) which happens would be produced by the presence of the larger
mirrors even in the absence of Dual Recycling.
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For each of these four cases, we performed runs using mirror aperture radii of 12, 15,
18, 21, 24, 30, and 35 centimeters. In each run,all of the mirrors were given the same
radius, including the beamsplitter, which was made circular1 and equal in size to the other
mirrors in order to avoid any complications in the results that could otherwise occur. The
largest mirrors used in these runs take up a substantial fraction of the entire width of the
LIGO beamtube, which must in fact house several different LIGO detection beams simul-
taneously [e.g., 3]. To numerically model these large mirror sizes, it was necessary (c.f.
Sec. 2.3.4) to go to larger calculational window sizes. We used calculational windows
spanning 1.4 x 1.4 m, thus requiring (to maintain the same pixel density) 512 x 512 grids.

The results of these runs are shown in Figure 4.10. It is clear that larger mirrors do
increase the success of wavefront healing — at first. Up to radii of 21 cm, the power in the
(e.g., inline) arm cavity does substantially increase with mirror size, regaining ~40% of
the power that was lost due to the inclusion of deformed mirror maps. And this power gain

Figure 4.10:Resonant power buildup in the inline Fabry-Perot arm cavity, plotted versus
the aperture radii of all interferometer mirrors. Curves for 4 cases are shown: “perfect”

and “deformed” mirror maps, with and without a Signal Recycling Mirror.

1.  A run was also done with a “normal”, elliptical beamsplitter for the case with 12 cm mirror radii,
in order to verify that any effects due to this difference were reasonably small; as is shown in Figure
4.10, the change in arm cavity power between the circular and elliptical beamsplitter cases is not
large, for these smallest-mirror runs (which have the most significant beam clipping effects).
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is almost entirely in the TEM00 mode (all modes increased by about the same multiplica-
tive factor, but non-TEM00 modes were negligible in the arm cavity to begin with), vali-
dating the arguments presented in Sec. 4.1.3. Both the Dual Recycling configuration and
the ordinary Power Recycling configuration benefited from these healing effects, though
the implementation of Dual Recycling did increase wavefront healing a little bit.

This result changes sharply, however, when the radii of the mirrors are increased to 24
cm and beyond. The rapid restoration of power ceases for both configurations at that point,
and for Dual Recycling in particular, the arm cavity power plummets back down again. A
corresponding plot (not shown) of the power leaking from the exit port shows that a mas-
sive jump in lost power occurs for Dual Recycling at this point, which kills off the process
of wavefront healing.

A modal analysis of the exit-port power reveals a tremendous increase in the leakage
of power inall TEMmn modes with m + n = 23. All of these modes experience the same
Guoy phase for propagations through the long-baseline arms (sinceφGuoy is proportional
to ), and are thus simultaneously resonant in the arm cavities (and in the SRC, which
is degenerate anyway). The interpretation of the power drop-off effect is therefore clear:
the modes with indices summing to 23 are accidentally resonant within the interferometer
— as is the case for the TEM00 loss mode in Broadband Dual Recycling — and thus they
are highly amplified in their leakage out of the exit port, as soon as the mirrors are large
enough to support their oscillation in the system.

For a given mode with indexm (in one dimension), with spot sizeωz, the half-width of
that mode can be estimated as [17]:

(4.12)

At the arm cavity back mirrors,ωz = 4.565 cm, which implies that for anXm of 21 cm,
, while for anXm of 24 cm, . This result agrees well with the results of Fig-

ure 4.1: for radii of ~20 cm, a few modes withm + n = 23 (but with neither index being
individually very large) survived and are resonantly amplified as losses, and thus wave-
front healing is slowed; and as the mirror aperture radii become as large as 24 cm,all of
these modes can survive in the arm cavities, and hence the stored power in the arms finally
plummets, undoing the healing effects of the making the mirrors larger, in addition to cre-
ating a lot ofm + n = 23 mode power that oscillates in the arm cavities. Direct visual
inspection (not shown here) of the exit port e-field also shows a dramatic increase in its
transverse size (as well as in its amplitude and nodal complexity), nearly doubling in
transverse size when going from the 21 cm mirrors run to the 24 cm mirrors run. It is clear
that a few spatially large modes have been enabled to resonate because of the larger inter-
ferometer mirrors.

The effects for the non-Dual-Recycled case are similar, though less severe, most likely
because it does not have a Signal Recycling Mirror to support the full double resonance

m n+

Xm m ωz⋅≈

m 21≈ m 27≈
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for them + n = 23 modes that occurs in the coupled SRC/arm cavity system. In this non-
Dual-Recycled configuration, there is a little bit of wavefront healing still occurring even
for runs with the largest mirrors, because them + n = 23 mode losses are onlycomparable
to the losses in other modes, not dominant. But for the Dual Recycling interferometer, the
m + n = 23 mode losses become ~20 times larger than the next-largest loss modes (typi-
cally low-index modes) in the run with 24 cm mirror radii, so that it represents a major
drain upon the circulating interferometer power. Fully ~15–20 mWper mode (when nor-
malized to 1 Watt of total carrier excitation power) is lost for several of them, and the total
exit port loss for the 24 cm mirrors run is adds up to ~170 mW (and this total loss actually
grows as large as ~300 mW, for 35 cm mirrors).

It is not clear if there is a solution to this problem, which is most severe for the Dual
Recycling system, and prevents any real benefits from being gained via wavefront healing
for runs with realistically deformed mirrors. Making the mirrors larger always allows more
and more modes to oscillate within the system, and it is impossible to ensure thatall of
them will be simultaneously non-resonant (though thedegree of resonant loss amplifica-
tion may be quite dependent upon the precise configuration of each particular system, e.g.,
whether or not the SRC is degenerate, etc.). Indeed, using apertured mirrors is a primary
means ofclipping away higher modes in order to prevent them from contaminating the cir-
culating interferometer light. In the case of the 40 meter LIGO prototype interferometer at
Caltech, for example, a similar case of resonant buildup of unwanted higher modes was
seen to happen, for which at least part of the solution was the tighter clipping of the beam
via smaller mirror apertures [80]. It is certainly possible to increase the mirror radii for the
Dual Recycling configuration up to a carefully specified point, and then make sure that all
of the modes that fit within that given mirror radius are non-resonant; but such calculations
are analytically difficult for a system with many mirrors and complicated beam focusing
behavior, and they must be increasingly accurate as the mode number — and thus the
Guoy phase — becomes extremely large, in which case even a small error could lead to the
round-trip phase of a mode coming too close to an integral multiple of 2π.

Therefore, we conclude that making the mirrors larger is a strategy that is risky at best
for augmenting the effects of wavefront healing, and at worst it can devastate the perfor-
mance of a Dual-Recycled system. Once again, it appears that making the mirror surfaces
(and substrates) better is a superior method — and perhaps no more costly than making
very large mirrors with evenequivalently well polished surfaces — for achieving the goal
of better arm cavity power storage.

4.3.2 Degeneracy and degeneracy-breaking with a long-baseline SRC:
The significance for runs with GW-frequency tuned to 1 kHz

The last topic which we will discuss in this chapter on Dual Recycling will be the effects
of beam modedegeneracy in the Signal Recycling Cavity, the significance of which was
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alluded to in Section 4.1.2, and the effects of which have been noticeable (albeit small) in
the results of the Section 4.2.3. We mention again the fact that SRC degeneracy is exclu-
sively a property of a Dual-Recycled system which includes Fabry-Perot arm cavities,
since it is the arm cavity input mirrors which cause the SRC to be a separate system of
short length (and negligible beam focusing), so that the various beam modes pick up neg-
ligible mode-dependent Guoy phase during round-trip SRC propagations.

Consider once more the plot of exit-port power loss (for realistic mirror deformations)
in Figure 4.6, and the plot of resonant inline arm cavity power (for tilt deformations) in
Figure 4.8. In both cases, it is apparent that asmall value ofRdual is worse than either a
large value or zero. Thus a little bit of Dual Recycling actually increases the exit port
losses, which in turn causes the inline arm cavity power to decrease by a little bit; and as
we have determined from a modal decomposition of the exit port field for the run with
realistic mirror deformations, this increased power loss occurs fornearly all modes. The
sole significant exception to this behavior is, interestingly, the TEM00 mode, which always
decreases with increasingRdual for those  runs.

This behavior can be understood through consideration of the transmission properties
of a simple two-mirror cavity, in this case representing the SRC, as its resonant condition
is varied. For input mirror parameters , , back (output) mirror param-
eters , , and a (potentially mode-dependent) round-trip propagation
phase ofφ, the power in the transmitted e-field will be:

(4.13)

Treatingr1, t1 andφ as given, we consider what value ofr2 (i.e., ) would maximize
the transmitted power — in other words, maximize the exit port losses.

First of all, for a system that is closer to anti-resonance than resonance, in which
, it is clear that any increase inr2 (with the corresponding decrease int2), will

decrease the transmitted power. Thus for Broadband SRC tuning, any finite value ofRdual
will suppress the losses for all non-TEM00 modes, while for Tuned Dual Recycling with

 set to a high value, the losses for the TEM00 mode (which picks up aπ phase shift
in reflection from the resonant arm cavities) will also be reduced by Dual Recycling.

But as the system becomes semi-resonant ( ) and then eventually resonant
( ), the negative term in the denominator of Eq. 4.13 becomes important, and
implementing a finite value ofRdual can actuallyincrease exit port losses; an example of
the resonant case is the increase of TEM00 losses for Broadband Dual Recycling.

The same effect happens for non-TEM00 mode losses, also, but in reverse fashion: it is
for higher tunings of  that implementing Signal Recycling can make the transmitted
losses worse. For the case of a semi-resonant SRC, such as , the non-
TEM00 mode losses are actually maximized forintermediate values ofRdual. This is, in

νGW
optim.

200 Hz=

t1 T1= r1 R1=
t2 T2= r2 R2=

Etransmitted
2

Eincident
2 t1

2
t2
2

1 r1
2

r2
2

2 r1 r2 φcos–+
--------------------------------------------------------

 
 
 

⋅=

Rdual

φcos 0<

νGW
optim.

φcos 0>
φcos 1=

νGW
optim.

νGW
optim.

200 Hz=



163

fact, the explanation of the aforementioned loss behavior seen in Figures 4.6 and 4.8. This
effect will only get worse for higher SRC tunings, where the loss-maximizing value of
Rdual will be even closer to unity (thus harming any attempt to produce a sharp GW-signal
peak for those cases), while also making the resonant amplification of losses more and
more pronounced at the loss-maximizing point.

The source of these problems is the degeneracy of the SRC, since it is impossible to
tune the system for TEM00 mode GW-signals at a given value of  without making
all of the non-TEM00 modes simultaneously share the same resonance condition. Only by
breaking this degeneracy can the different non-TEM00 modes fall under various condi-
tions of semi- or non-resonance, while the TEM00 mode is properly resonant in the SRC
for large  settings.

There are two fundamental ways of breaking the SRC degeneracy (barring the addition
of yet another SRC mirror, such as in “Compound Dual Recycling” [26]). The beam can
either be made to undergo strong focusing during propagation through the ~few-meters-
long SRC (which would give the beam a very small waist size), or it can undergo the grad-
ual focusing effect of normal propagation through amuch longer SRC. The former option
is very difficult to accomplish with a grid-based simulation program, because the small
beam waist would require the use of much finer grids (c.f. Sec. 2.3.4.2), and this in con-
junction with the necessity of keeping the size of the calculational windows large (c.f. Sec.
2.3.4.3) would mean that many more pixels would need to be used in the 2-D grids, lead-
ing to much longer program run-times and greater memory (and disk storage) require-
ments. For our tests of degeneracy-breaking, therefore, we have opted to use a long-
baseline SRC for the runs1. The program will nevertheless have to implement aweak-
focusing lens at the beamsplitter dark port in order to match the beam from the main inter-
ferometer to the Signal Recycling Mirror at the back of the SRC, which will ensure that it
passes through a (not too narrow) focus so that each mode will pick up appreciable (and
different quantities of) Guoy phase during SRC propagations.

SRC lengths anywhere from hundreds of meters to a ~few km would serve our pur-
pose for these runs; for the sake of relevance to the LIGO project, we restrict our consider-
ations to two of the more realizable possibilities: placing the Signal Recycling Mirror at
either themid-station of the interferometer ( ), or at theend station of the
interferometer ( ).

For two reasons, both related to maintaining compatibility to previous results, we have
chosen to put the Signal Recycling Mirror at the mid-station. First of all, it is convenient to
keep all of the beam spot sizes and curvature radii the same everywhere as for the short-

1.  The question of which method of degeneracy-breaking (strong focusing or a long-baseline SRC)
is actually “better”, is a technical decision which cannot be made on the basis of a superficial theo-
retical analysis. Nevertheless, as will be discussed below, we can state that the use of a long SRC
will lead to some additional scattering losses, though it may have the benefit of allowingboth the
“plus” and “minus” GW-induced sidebands to be resonant in the system simultaneously.

νGW
optim.

νGW
optim.

LSRC 2 km≈
LSRC 4 km≈
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SRC case, so that none of the optical parameters will change. This is important for main-
taining the same modal resonance conditions of the system (that is, the same everywhere
except in the SRC), the same scattering losses due to the apertures of the finite-sizes mir-
rors (including at the Signal Recycling Mirror), and so on. As it happens, given the partic-
ular beam parameters at the beamsplitter dark port for the LIGO-like system which we
have been simulating, the length for aconfocal cavity (which is the longest symmetric
cavity possible, once the beginning and ending spot sizes have been fixed) is ~3900 m.
Thus a 4 km long SRC would be near-confocal, therefore defeating the purpose of the
exercise, since a confocal cavity has the property that all round-trip Guoy phases are equal
to π, so that every TEMmn mode with indices that sum to an even value will be simulta-
neously resonant in the SRC along with the TEM00 mode.

Second of all, one must consider the fact that thefrequency response curve of the sys-
tem changes for a long-baseline SRC. On the one hand, there a slight narrowing of the
peak width for a long SRC; but this effect is relativity minor. Much more important is
what happens because of the “minus” GW-induced sideband field, which is normally neg-
ligible in its effects. For the case of a short SRC, the system can only be optimized for one
of the two GW-sidebands, not both; hence Tuned Dual Recycling immediately loses a fac-
tor of two in GW-signal amplitude compared to Broadband (or the absence of) Dual Recy-
cling, which it must make up for by sharp narrowbanding. But a physically long SRC can
be made resonant forboth GW-sidebands simultaneously [e.g., 74], for the following rea-
son. The minus GW-sideband creates a response peak that is similar to the one created by
the plus GW-sideband, except that it is located at very high (or equivalently, at very “neg-
ative”) frequencies; and asLSRC and/or  are increased, the sensitivity peak created
by the resonance of the minus GW-sideband migrates down until it occupies the same gen-
eral region in GW-frequency space as the plus sideband does. In particular, when

 and , the two peaks are practically on top of one another,
nearly doubling the sensitivity of the interferometer at 1000 Hz compared to the short-
SRC case. As important as this result is for the real LIGO, however — and in fact, it pro-
vides an independent argument for the usefulness of long-baseline SRC lengths — it does
not satisfy our stated goal of simulating a generally unchanged interferometer. For this
reason, in addition to the confocal cavity problem, we have chosen to model the 2 km
length SRC because it still has a very similar frequency response to the short-SRC case for
the highest tuning frequency that we will consider in this thesis (i.e., 1000 Hz).

For this (as we shall see, initial) realization of a long-baseline SRC, we placed an ide-
alized lens — one which had to satisfy the grid-based curvature limitations discusses in
Sec. 2.3.4.1 — at the output of the beamsplitter dark port, in order to convert the beam
from a curvature radius of +10.02 km to -14.18 km. This led to a waist size of 3.506 cm in
the SRC (which is very similar to the beam waist size in the arms), and a spot size at the
Signal Recycling Mirror which was exactly equal to that for the short-SRC case. The
beam curvature there was a bit flatter than for a short-SRC, but since the Signal Recycling

νGW
optim.
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optim.

1000 Hz= LSRC 4 km=



165

Mirror’s radius of curvature was adjusted to be mode-matched to the beam, the difference
mattered little. New, non-trivialanti-aliasing parameters (c.f. Sec. 2.3.4.3) had to be intro-
duced for SRC propagations because of the SRC’s length, and they were specified as

and . The actual length of the SRC was a little bit longer than 2 km (the
distance between the beamsplitter and the Signal Recycling Mirror was 2004.19 m),
because the path to the Signal Recycling Mirror at the mid-station from the beamsplitter
has to first backtrack though the Michelson arms (i.e.,L2 or L3) of the interferometer.

Initially, we studied the case of broken SRC-degeneracy for , for
comparison with the results presented in Sec. 4.2.3. All of the runs were conducted with
theλ/800 family of mirror deformation maps, and the value ofRdual was varied to produce
a set of runs. The resulting exit-port power loss as a function ofRdual is shown in Figure
4.11, which includes some of the same data shown previously in Fig. 4.6, to be used as a
source of comparison for the long-SRC runs shown here.

Figure 4.11:Interferometer exit-port power losses are plotted versus Signal Recycling
Mirror reflectivity, both for the normal (“short”) SRC, and for a long (~2 km) SRC

designed for degeneracy-breaking. Lambda/800 mirror deformations have been used.

For the case of a degenerate SRC, note that the power lossrises asRdual is initially
increased from zero: this leads to a drop in resonating power in the inline arm cavity,
which is analogous to the power dip seen for the curves in Figure 4.8 (except that these
exit port losses for the realistic mirror case are less significant a source of loss than they
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are for the runs with mirror tilt deformations). In any case, onceRdual is brought high
enough so that the merelysemi-resonant SRC no longer effectively channels non-TEM00
power out of the interferometer, then increasing the reflectivity of the Signal Recycling
Mirror reverts to providing a suppression of the exit-port losses. But for intermediate val-
ues ofRdual, the performance with Dual Recycling is clearly degraded compared to the
non-Dual-Recycled case.

By breaking the degeneracy with a long-baseline SRC, however, this effect disappears,
and the power lost from the exit port drops monotonically with increasingRdual. Similarly,
the power resonating in the (e.g., inline) arm cavity also goes up monotonically withRdual,
though the results for the non-degenerate and degenerate cases eventually meet up for
reflectivities very close to unity1.

Despite this proof-of-principle result that degeneracy-breaking has solved this some-
what subtle problem, we must ask how relevant it is; after all, all of the exit-port power
loss values shown in Figure 4.11 are fairly small, the increase in the losses for moderate
Rdual due to the SRC degeneracy is relatively minor, and the total variation of the inline
arm cavity power among all of these runs is only ~2.5%. The answer to this question, how-
ever, is that this effectis important, because of the fact (as suggested above) that the prob-
lem of SRC degeneracy gets significantly worse as the SRC is tuned to higher and higher
GW-frequencies.

To demonstrate this, we have performed similar runs for . In these
runs, however, there was at first a small catch: it turned out that TEMmn modes with

 were very close to resonance in the SRC/arm cavity system, and that the exit
port losses were dominated by the TEM06 mode — which was the most strongly pro-
duced, and the least clipped by the beamsplitter of these near-resonance modes — for
largeRdual.

It was therefore necessary to alter the optical parameters slightly, in order to push these
modes off resonance, much as McClelland,et al. [49], did for the TEM20 and TEM02
modes in Dual Recycling runs with mismatch due to mirror curvature errors. We imple-
mented this change by altering the idealized lens at the beamsplitter dark port to give the
departing beam a curvature radius of -12.0 km instead of -14.18 km, which changed the
beam spot sizes and curvatures by a ~few percent everywhere, differences that were gener-
ally very minor. From these changes, however, the round-trip Guoy phases were altered
just enough so that none of the modes generated in the interferometer were particularly
close to resonance2.

1.  Actually, the inline arm cavity power is slightly (~.4%) lower for the non-degenerate SRC case
when , because ofscattering losses in the long-baseline, moderately-high-finesse SRC.
2.  There will of course be an “infinite” number of modes that fall close to resonance in the system,
when arbitrarily high order modes are considered; but clipping by the mirror apertures was able to
ensure that all such modes were prevented from resonating in the Dual-Recycled interferometer.
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The results for the exit-port power loss with the  tuning condition
are shown in Figure 4.12, for three cases: the short (degenerate) SRC, the first (TEM06 –
dominated) version of the long SRC (“Config I”), and the updated, second version of the
long (non-degenerate) SRC configuration (“Config II”).

Figure 4.12:Interferometer exit-port power losses are plotted versus Signal Recycling
Mirror reflectivity, for different configurations of the Signal Recycling Cavity. The

lambda/800 family of deformed mirror maps has been used. The effects of SRC
degeneracy, and degeneracy-breaking via long SRC round-trip lengths, are shown.

In accordance with the predictions made above, which are based upon Eq. 4.13, the
degenerate system suffers much more of an increase in overall power loss with respect to
the non-degenerate case than it did for prior runs with ; and the worst
increase in losses (representing nearly a 400% jump) is encountered for a higher value of
the Signal Recycling Mirror reflectivity than before, . The first version of the
non-degenerate SRC configuration alleviated this problem until the TEM06 mode began
getting pumped out of the system for , while the updated non-degenerate SRC
configuration did even better, helping reduce the losses in monotonically improving fash-
ion for all values ofRdual (with a factor of ~33 reduction for the  case). Not
only does this figure show that dramatic improvements can be made by the careful imple-
mentation of SRC degeneracy-breaking, but also that these improvements are not negligi-
ble, since the resonantly-amplified losses can become large — the highest exit-port loss
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for these runs was nearly 9% of all laser excitation power, and it would likely become
worse for runs with higher GW-tuning frequencies.

The effects of this loss behavior upon the stored arm cavity power is shown in Figure
4.13. When the SRC-degeneracy is broken via version II of long-SRC configuration, we
see that the normally expected wavefront healing effect does occur, ultimately increasing
the resonant power in the (inline) arm cavity by a modest factor, ~2%. But for the fully-
degenerate, short-SRC configuration, a significant“Wavefront Harming” effect occurs
which is more that three times bigger than the healing that was seen with the non-degener-
ate case, which leads to a decrease in the arm cavity power of ~6% at its lowest point.
Thus we see, from this and from the previous results in this chapter, that Dual Recycling
can very easily have the opposite effect from which it is intended — if not used carefully,
it can harm instead of heal.

Figure 4.13:Resonant power buildup in the inline Fabry-Perot arm cavity is plotted vs.
Signal Recycling Mirror reflectivity, for different SRC configurations. The lambda/800
family of deformed mirror maps has been used. The effects of “Wavefront Healing” (for

nondegenerate SRC) and “Wavefront Harming” (for degenerate SRC) are shown.

As a concluding result for these investigations, it is useful to examine how the signal-
to-noise ratio of the interferometer is affected by these degeneracy effects, both in terms of
the healing (or harming) that occurs for the resonant power stored in the arm cavities,
which affects the GW-signal, in addition to how it reduces (or increases) the power lost
through the exit port, which affects the interferometer shot noise level.
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In Figure 4.14, the ratio of thesquare roots of the carrier TEM00 mode power in the
(inline) arm cavity, to the power emerging (in all modes) from the exit port, is shown; this
ratio will be proportional to the amplitude  ratio. This particular expression (which
we have normalized to 1 for the short-SRC case with ) is useful because the sig-
nal gain due to the SRC is not incorporated into it, so that only variations with respect to
Rdual which directly demonstrate changes in the behavior of wavefront healing/harming
are factored into the results. One note of caution is that since no local oscillator power has
been put into this formula, this  estimate only represents a rough approximation to
the true signal-to-noise ratio, and the estimate of the shot noise level in particular will be
underestimated, especially for runs with very low carrier exit-port loss. On the other hand,
large exit-port losses often mean that large local oscillator output powers are necessary for
raising the signal back above the noise (c.f. Table 3.1), implying that the shot noise contri-
butions of the local oscillator beams and the carrier beam would increase in roughly simi-
lar fashion, so that the ratio shown in Fig. 4.14 may indeed be a good predictor of the true
signal-to-noise ratio for a Dual-Recycled system with RF-sidebands.

Figure 4.14:The ratio of (TEM00 mode) e-field amplitude in the inline Fabry-Perot arm
cavity to the exit port e-field amplitude (in all modes), is plotted versus Signal Recycling
Mirror reflectivity, for different SRC configurations. The lambda/800 family of deformed
mirror maps has been used. This figure demonstrates the behavior of a function which is

proportional to the signal-to-shot-noise of the interferometer, for different SRC-
degeneracy conditions.
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The principle result from Figure 4.14 is quite clear: the wavefront healing effects of
Dual Recycling can indeed increase the sensitivity of the detector by a substantial factor
— mostly due to the reduction of shot noise that is produced by the exit-port power — but
only when the Signal Recycling Cavity has its degeneracy broken, and in careful fashion
(i.e., avoiding the accidental resonance of individual modes). This conclusion, plus the
possibility mentioned above for making both the plusand minus GW-sidebands simulta-
neously resonant within an SRC that is sufficiently long, and which has a sufficiently-high
tuning frequency, makes a long-baseline Signal Recycling Cavity appear to be a promising
form of Dual Recycling for future use in Advanced-LIGO interferometers.
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Chapter 5

Conclusions and future directions

We now conclude this thesis by highlighting the principle results of our research, by pro-
viding general recommendations based on these results, and by proposing a number of
options for future research with our simulation program, either as-is or with useful exten-
sions of the main Fortran codes.

5.1 Summary of Initial- and Advanced-LIGO
configuration results, and general recommendations

First, we consider the creation of the code itself, and the results that were obtained for sim-
ulations of the Initial-LIGO interferometer configuration:

• We have succeeded in constructing a simulation program for a full-LIGO interferome-
ter that possesses optics with highly-detailed, “realistic” mirror deformations. Many
different interferometer parameters or imperfections can be modelled, and the program
computes the relaxed electric fields everywhere in a static interferometer which is
fully-optimized for Gravitational Wave detection, in an affordable amount of run-time.

• Mirror surface roughness deformations have the most dramatic effect upon interferom-
eter power buildup and performance (compared to, e.g., substrate inhomogeneities,
“geometric” imperfections such as tilts or curvature errors, or straight losses such as
absorption) because of loss and high-mode creation due to large-angle beam scattering.

• The Initial-LIGO performance requirements appear to be achievable with realistically
producible optics. Our simulation runs with mirror surface deformations that possess
rms values ofλYAG/800 or better succeeded at passing all of the quantitative tests that

we have considered, and the production of mirrors with rms values (in the center of the
optic) ofλYAG/1200 or better is feasible with current mirror-making technology [81].

This provides validation for the mirror specifications from the “Pathfinder Project” [37].

• Using optics with polished (and coated) surfaces of the highest possible quality does
indeed yield a significant improvement in LIGO science capabilities, and would perhaps
make the difference in giving interferometers with the Initial-LIGO configuration the abil-
ity to detect even a few of the most favorable (for LIGO) Gravitational Wave candidates,
such as coalescing Black Hole/Black Hole binaries, and non-axisymmetric Pulsars (as
well as increasing the detection rate withAdvanced-LIGO interferometer configurations).
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In summary, the outlook for LIGO performance with realistically achievable optics is
very optimistic, and further improvements in the production of LIGO mirrors could
improve the science output of LIGO even further.

Now, considering what our results have demonstrated about the Advanced-LIGO configu-
ration known as Dual Recycling:

• Gravitational Wave response functions with moderate narrowbanding (e.g.,∆νFWHM =

50 Hz for a Dual-Recycled system tuned to 200 Hz) can be obtained even with high
levels of optical deformations, though ultra-narrowbanding (e.g.,∆νFWHM = 8 Hz for

a system tuned to 200 Hz), does significantly increase the loss of sensitivity for these
deformed-mirror runs.

• Tuned Dual Recycling with a high-finesse Signal Recycling Cavity can successfully
produce a deep “notch” in the interferometer’s shot-noise-limited sensitivity curve;
however, much of this narrowbanded improvement in sensitivity is blunted by an
underlying shelf of mirror internal thermal noise, especially for a system specified to
be optimized for low or moderate Gravitational Wave tuning frequencies.

• The incorporation of a Signal Recycling Mirror does (barring exceptions to be dis-
cussed below) significantly reduce the amount of power lost through the interferometer
exit port, thus making it more tolerant for deformations which predominantly act by
channelling power in perturbed beam modes out through the beamsplitter dark fringe.
This property, however, is less significant for “realistic” mirror deformations than for
“geometric” deformations (e.g., mirror tilts, curvature mismatch errors), since realistic
deformations predominantly act by scattering power completely out of the system.

• The phenomenon known as “Wavefront Healing” is effective at recycling beamsplitter
dark-fringe light back into the system, for re-integration as useful (i.e., TEM00 mode)

power in the Fabry-Perot arm cavities, to be used for measuring the effects of Gravita-
tional Waves. Nevertheless, this has very little effect upon improving the interferome-
ter sensitivity for runs withrealistically deformed optics, since the exit-port losses are
insignificant compared to high-angle scattering losses incurred during arm cavity
propagations.

• The problem of high-angle scattering losses (and the corresponding lack of effective-
ness of wavefront healing) is not helped by the expedient of making the aperture sizes
of the finite-mirrors larger, since this results in resonantly-enhanced exit port losses for
high-index beam modes which are accidentally resonant in the system, and whose
large spatial profiles can now be supported by the larger interferometer mirrors.
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• Broadband Dual Recycling (i.e., a system tuned to Gravitational Wave signals at DC)
is, as predicted, effective at the suppression of exit-port power loss in all modes except
for the TEM00 mode, for which it amplifies the losses. Conversely, Narrowband Dual

Recycling set to high tuning frequencies (~1 kHz or higher) is effective at the suppres-
sion of TEM00 mode losses, but losses in all other modes (assuming their non-reso-

nance in the Fabry-Perot arm cavities) are resonantly amplified by the Signal
Recycling Mirror. The across-the-board, non-TEM00-mode effects for both of these

systems (which we call “Wavefront Harming” for the Tuned Dual Recycling case)
occurs because of the modal degeneracy of the Signal Recycling Cavity.

• Wavefront Harming is a deleterious and much more significant effect than the benefi-
cial behavior known as Wavefront Healing, and this Harming effect therefore has to be
eliminated by breaking the degeneracy of the Signal Recycling Cavity1. We have dem-
onstrated the success of degeneracy-breaking via the implementation of a long-base-
line Signal Recycling Cavity, which has the possible added benefit of extra sensitivity
compared to the short-baseline case, due to the simultaneous resonance of both “plus”
and “minus” Gravitational-Wave-induced sidebands in the Dual-Recycled system.

In summary, Dual Recycling can indeed be an effective system for obtaining sharp
sensitivity peaks over narrow ranges in Gravitational Wave frequency space, as well as for
significantly reducing the losses through the exit port of the interferometer; both of these
properties, however, require the breaking of the Signal Recycling Cavity degeneracy.

The overall benefits of Dual Recycling, though, are severely constrained by limitations
of the optics. The barrier caused by mirror internal thermal noise renders much of the sen-
sitivity peak of Narrowbanded Dual Recycling system useless, and large-angle scattering
from high-spatial-frequency mirror surface deformations creates large losses that cannot
be repaired significantly by Wavefront Healing. We are therefore left to conclude that Dual
Recycling doesnot alleviate the need for the highest quality mirrors that can be produced;
on the contrary, it is a configuration for which excellent quality mirrors are even more
important, in order to have a system that performs up to its full potential. The strongest
recommendation of this thesis must therefore be the following: the best path for obtaining
superior interferometer (shot-noise-limited and overall) performance is tomake better
mirrors, especially in terms of fine-scale (i.e., high-spatial-frequency) deformations, and
in terms of optics with higher mechanical Q-factors for lower internal thermal noise.

Despite these caveats, Dual Recycling remains a very promising configuration for
implementation in Advanced-LIGO interferometers, especially due to its ability to nar-
rowband and tune the Gravitational Wave response of these future-generation detectors.

1.  In fact, it is possible that breaking the degeneracy in thePower Recycling Cavity (not a currently
planned feature of the Initial-LIGO detector) may be an equally important step for preventing the
oscillation of non-TEM00 modes in the Michelson (pre-cavity) arms of the interferometers.
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5.2 Directions for future simulation-based research

Given the physical realism of the interferometer simulation program, in addition to the
effectiveness of its electric field relaxation and interferometer optimization algorithms,
there are a great many research questions which one may address with it. Certain investi-
gations (such as the addition of more mirrors to the system) would naturally require modi-
fications or extensions to the Fortran code, but on the whole, many topics of interest in the
research and development of interferometers for Gravitational Wave detection should be
amenable for study with this simulational tool without significant changes.

We therefore end the body of this thesis with a list of possibilities for future numerical
investigations using either current or updated versions of our LIGO simulation program:

• Evaluations of system performance with the actual optics that will be purchased by the
LIGO Project, using measurement maps of the deformations of the delivered mirrors.
(This should be a major part of the optics validation program for the LIGO Project.)

• Development and evaluation of a Gravitational Wave signal measurement and control
system for the full-LIGO, Dual-Recycled interferometer configuration.

• Studies of thermal lensing [82] due to absorption-induced mirror heating, perhaps
including the nonlinear feedback effects of lensing upon the level of resonating interfer-
ometer power, and that of the power (and thus, absorption) level back upon the lensing.

• Studies of Resonant Sideband Extraction (RSE) [83], a configuration equivalent to Dual
Recycling, though with an exactly resonant Signal Recycling Cavity (i.e., the opposite
phase condition from that used for Broadband Dual Recycling). RSE lowers the storage
time of Gravitational Wave signals, thus allowing the use of higher-finesse Fabry-Perot
arm cavities, and a lowering of the power level in the Power Recycling Cavity. This
reduces the power passing through the beamsplitter, thus reducing its thermal lensing.

• Evaluations of other promising Advanced-LIGO configurations, such as Compound
Dual Recycling [74], or the implementation of a Sagnac interferometer [84].

• Simulations with realistically deformed mirrors in support of other Gravitational Wave
detection collaborations around the world, such as GEO-600 [85], which plans to use
Dual Recycling (without Fabry-Perot arm cavities) in their initial-stage detectors.

• Any investigations for the LIGO Project, involving a variety of optical parameters and/
or optical imperfections, which may become high-priority issues for the LIGO mission.

In conclusion, the LIGO simulation program that we introduce in this thesis has been
designed to be a modelling tool that is powerful, physically realistic, and as flexible as
possible, given the highly detailed nature of its computational tasks.
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Appendix A

Modal analysis of interferometer laser fields

An important part of the analysis of interferometer simulation results involves themodal
decomposition of the electric fields that are computed by the main simulation program. In
addition to direct reports by the simulation program giving a little bit of information about
the division of power for each simulated e-field (such as the total e-field power, the power
in the first one or two transverse beam modes, etc.), complete 2-D “slices” (each trans-
verse to the beam propagation axis) representing the structure of several interferometer e-
fields of interest are written out to files. These files can be read in for post-processing anal-
ysis by a small Fortran program that we have written, called “modal_decomp.f” (or some
variant of this name), which analyzes each e-field into a large number of independent
beam modes. This modal decomposition program is also grid-based, as is the main simula-
tion program, and represents its electric fields on complex, pixellized grids in the same
fashion.

The modes which we use for the tilt removal process itself are the Hermite-Gaussian
TEM modes, defined as follows [17]:

(A.1)

wherez is the longitudinal distance (along the propagation axis) from the beam waist posi-
tion, and thex andy axes are transverse to the beam (i.e., they define the plane of our 2-D
beam slices). The laser wavelength isλ, and the wavenumber is . The beam
spot size at a given point along the propagation axis is equal to ,
with the “Rayleigh Range” being defined as , and with the beam waist (i.e.,
the spot size at the focus) being w0. The spot size determines the Gaussian fall-off of
power away from the center axis of the beam, and affects the overall beam normalization,
as well as the spatial scale of the structure (including the spacing of beam nodes) for each
mode. This spatial structure (other than the Gaussian envelope) is determined by the fac-
tors HM(f [x]), HN(f [y]) in Eq. A.1, where HM(x) is the Mth Hermite polynomial, with the
first few such polynomials being:

(A.2)

The beam radius of curvature is given as , and this curvature of the
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beam at a given interferometer location must match the curvature of the mirror at that
location, or some conversion of power from the fundamental mode (TEM00) to higher
modes (especially TEM20 and TEM02) will occur, and the presence of these modes will be
detected by the modal decomposition program. Lastly, the “Guoy Phase” for the MNth

mode is given by , and this is the phase
which causes different modes to experience different resonance conditions (c.f. Ch. 4,
especially Sec. 4.3.2) in a cavity with strong focusing — i.e., a “non-degenerate” cavity.

The Hermite-Gaussian modes that have been defined here are orthogonal (and more
precisely, orthonormal) to one another, due to the mutual orthogonality (with the weight-
ing function, ) of the Hermite polynomials shown in Eq. A.1
[50].

The modal decomposition program operates by reading in an electric field, , as well
as the beam spot size and radius of curvature at that e-field’s interferometer location (plus
a flag indicating whether the beam is approaching or moving away from a focus). It then
takes the overlap integral (as per Eq. 2.68) of that e-field with a selected TEM mode, as
follows:

(A.3)

This procedure is repeated for each mode on a list that is read in by the modal decomposi-
tion program. The real and imaginary parts of the overlap coefficient defined by Eq. A.3
for each mode are reported as the output of the decomposition program, as is the total
power in the mode, given by . The program also reports the total power (in all
modes) of the e-field, the two highest-power modes in it, and one more quantity of impor-
tance: the left-over power that isunaccounted for by any of the modes in the list for
decomposition. This “unaccounted for” power is a key sign of the existence ofposition-
space aliasing, as described in Section 2.3.4.3.

To conclude this discussion, we note that just as the discrete grid in the main simula-
tion program must have sufficiently high resolution to sample the Gaussian laser beam
properly (c.f. Sec. 2.3.4.2) — that is, without spatial-frequency-space aliasing — the
modal decomposition program must also have a high enough resolution to model the high-
est modes in the decomposition list (since higher-index Hermite polynomials cause finer
beam amplitude fluctuations). If the mathematical functions representing these highest
modes are not sampled properly, then the decomposition modes will be aliased, causing a
breakdown of orthogonality between discretized modes, and the miscounting (and multi-
ple-counting) of power in the various modes. To avoid these problems, we have performed
orthogonality tests to verify that for the gridding resolution currently used in the decompo-
sition program, and given the highest modal indices that we have coded for use in the pro-
gram (specifically, M=N=15), that every mode which can be activated for e-field
decomposition is represented accurately on the grid.
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Appendix B

Interferometer optics: mirrors for simulation runs,
and LIGO’s state of the art

In Section 2.3.3.4, we described the creation of “realistic deformation” mirror maps from
measurements of the reflection from a polished surface (“Calflat”), and of the transmission
through a fused-silica substrate (“Corning”). These initial surface (and substrate) measure-
ment maps were used as sources for the generation of a large number of maps with the
same deformation power spectra. The surface maps were then re-scaled to produce several
families of mirrors, where each family is labelled by its rms deformation amplitude
(expressed roughly in wavelengths of Nd:YAG laser light, i.e., 1.064µm) when sampled
over regions of fixed size near the center of the optic. These new families of mirror surfaces
— calledλ/1800,λ/1200,λ/800 andλ/400 — were used in conjunction with the substrate
deformation maps to comprise astandard set of mirrors for all of our runs, including the
Initial-LIGO simulation runs described in Chapter 3, and the Dual Recycling runs
described in Chapter 4.

We must address the question of whether or not these mirror maps (most importantly,
the Calflat mirror surfaces) are good representations of the mirrors that LIGO will eventu-
ally procure from industry; not to mention whether or not mirrors currently being obtained
by LIGO appear to be adequate, given what we have learned via our simulation runs.

Some liberties have clearly been taken to create our standard set of mirror maps, since
real mirrors will differ in their power spectra, but all of our surface maps share the same
power spectrum (as do all of the substrate maps, respectively). Regarding that issue, the
evaluation of interferometer performance for mirrors possessing different power spectra
has not been a significant part of this thesis.

On the whole, however, we can say that the lessons learned from the runs performed
for this thesis are fairly general in scope, because the Calflat (and Corning) power spectra
possess three qualities which make them representative of “real LIGO optics”: their rms
deformation levels are of the right approximate magnitude, their power spectra decrease
fairly steadily with increasing spatial frequencyk (roughly like 1/k, bumps and wiggles in
the spectra notwithstanding), yet there is significant deformation power all the way up to
the highest spatial frequencies representable on our two-dimensional grids (c.f. Sec.
2.3.4.2). This last point is especially important, since it means that thescattering losses in
the long-baseline arm cavities have been the most significant effect of the incorporation of
the Calflat and Corning maps, which will likely be true for real optics that possess defor-
mations at all spatial frequencies, with the effects of the fine-scale roughness dominating
system behavior and losses.
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We can quantify the comparison of the polished surfaces of the optics that have
recently been procured by the LIGO project, with the requirements listed in the Design
Requirements Review (“DRR”) for the Core Optical Components [86], as well as with the
specifications that were given for polishing. Consolidating the results for several “End
Test Masses” (i.e., Fabry-Perot arm cavity back mirrors), we get (Billingsley,et al., [81]):

Table B.1:Comparing the surface deformations of procured LIGO optics with Project
requirements and polishing specifications, for different spatial frequency regimes and

mirror sampling regions.

The results in Table B.1 show that the polished mirror surfaces do satisfy these important
surface roughness requirements (in fact, they are significantly better), as well as demon-
strating that our Calflat-derived simulation maps have the right order-of-magnitude
deformations for relevance to the performance of real LIGO optics.

This success of having met Project requirements with the polished surfaces, however,
must be tempered with the recognition that the application of mirror coatings may make
the results worse. In particular, for two arm cavity back mirrors labelled “p05ca” and
“p06ca”, it is found that the coatings increase the rms (over the full 14.6 cm mirror aper-
tures) from 0.38 nm to 0.51 nm for p05ca, and from 0.37 nm to 0.67 nm for p06ca. These
rms increases are in themselves significant (though not devastating), but the dependence of
the additional deformations upon spatial frequency is an even more important issue. Fig-
ure B.1 shows the power spectrum of one of these polished mirrors before (p05ca) and
after (p05cac) being coated. In this figure, the power spectrum (in “waves” of 6328 Ang-
stroms rather than meters, per unit wavenumber) is plotted versus the log of the spatial-fre-
quency wavenumber in inverse centimeters. On this abscissa, the size of one pixel (2.77
mm) corresponds to a value of 0.56, while the full mirror diameter of 24 cm corresponds
to a value of -1.4. The addition of mirror deformation structure on p05ca due to its reflec-

Deformations Sampled
(spatial frequencies
given byλs = 2π /k)

DRR
Requirements

Polishing
Specifications

Results
to date

RMS surface errors for
beam waist > λs > 2.3 mm,
out to r = beam waist radius

λYAG/1200

(0.89 nm)
0.8 nm 0.5 nm maximum

RMS surface errors for
2 x beam waist > λs > 2.3 mm,
out to r = 2 x beam waist radius

λYAG/600

(1.77 nm)
0.8 nm 0.5 – 0.8 nm

RMS surface errors for
λs > 3–4 x beam waist

λYAG/160

(6.65 nm)
1.6 nm 0.9 nm
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tivity coating is clearly concentrated in the region of the highest spatial frequencies that
are representable on the grid, which as we have seen are very important because they lead
to large scattering losses in the long-baseline arm cavities. Even if this is just a quirk of
this particular optic, and not a general property of mirror coatings (indeed, such a promi-
nent bulge at these spatial frequencies does not happen for the coated version of p06ca),
we see that one must be very cautious in the process of deciding when LIGO optics are
declared to be within their specified tolerances, and that the full simulation-based model-
ling of interferometer performance with measurements of the final, coated mirrors will be
a very important procedure for LIGO optics validation.

Figure B.1: Power spectra for a polished LIGO mirror with (p05cac) and without (p05ca)
a high-reflectivity coating.
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Appendix C

Tilt-removal for mirrors with realistic deformations

In this appendix, we discuss a pre-processing mirror “optimization” step that is performed
upon the mirror profile maps (by a small Fortran program, “mirror_bounce.f”, which we
have written) before they are read in during execution of the simulation program1. This
procedure, referred to earlier in the section on the implementation of real-world mirror
measurement data (Sec. 2.3.3.4), is the removal of the inherent tilts from each of the mir-
ror deformation profile maps2.

For perfectly smooth optical profiles, the question of alignment is uniquely defined,
and we have the ability to perfectly designate the misalignment values of a given mirror
with respect to the laser beam propagation axis. But for mirrors possessing surface or sub-
strate deformations, it is more difficult to specify the normal axis for the mirror surface (or
substrate3) maps, and we must find a good definition for the orientation that is equivalent
to “zero” tilt.

For irregular surface profiles, which do not possess a unique definition of “perfect” or
“tilted” mirror alignment, we choose the definition which is most useful for a LIGO inter-
ferometer: it is the tilt which is experienced (or “weighted”) by a Gaussian-profile incident
beam. It can be shown [18] that to first order, for an incident beam which is predominantly
in the Hermite-Gaussian [17] TEM00 mode, the effect of tilts about the two axes perpen-
dicular to the beam is to generate TEM10 and TEM01 modes (with pure imaginary coeffi-
cients, for a purely real, incident TEM00 beam4) in a reflection from that mirror. We can
therefore remove the beam-weighted tilts from a given mirror deformation map (which
possesses “height” function ; c.f. Sections 2.3.3.1 and 2.3.4.1), by perform-
ing small angular corrections that null the imaginary parts of the TEM10 and TEM01 over-
lap coefficients, as follows:

1.  The procedure outlined here is not performed actively during program run-time (as are, e.g.,
many of the optimizations discussed in Sec. 2.5), since too many simultaneous optimizers would
interfere with one another, and could lead to instability in the overall convergence process.

2.  We refer here to the removal of the small tilts that are initially present in profiles of irregular or
deformed mirrors. During a run, any amount of precisely specified tilt can be added as input
data, if the effects of mirror tilt on interferometer performance are specifically being studied.

3.  “Tilts” for mirror substrate deformation maps really represent mirror thickness wedges, and the
primary effect of these exceedingly small wedges is merely to alter the reference axes of the var-
ious cavities, an effect which is nulled in real LIGO interferometers via automatic mirror angu-
lar alignment [38].

4.  Before tilt-removal a mirror must first be “piston-removed”, in order to make the incident
TEM00 beam purely real. This is accomplished by substituting TEM00 for TEM10 or TEM01 in
Eq. C.1, and by performing mirror map position adjustments parallel to the laser beam axis.

z M x y,( )=
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(C.1)

In this formula, the exponential refers the value of each pixel, not to an exponentiation of
the matrix; and the overlap integrals (actually discrete sums) are as defined in Eq. 2.68.

Physically, Eq. C.1 is equivalent to taking the initial beam, a pure TEM00, and reflect-
ing it from a map of the deformed mirror being studied; this reflection map is subsequently
overlapped against the TEM10 and TEM01 modes, in order to measure the beam-weighted
tilts which must be removed by applying permanent phase-gradient corrections to the map
about the axis of each measured tilt angle.

We note here that by using Gaussian functions for a weighted tilt-removal procedure,
the mirror mapas a whole will be given an overall tilt by the prescription of Eq. C.1. But
the more important fact is that thecenter of the mirror (i.e., the part most sampled by the
collimated, Gaussian beam) is made to be as flat as possible with respect to the plane
transverse to the beam propagation axis.

In addition, we note that in a technical sense, tilts about different axes do not “com-
mute”, meaning that correcting the tilt about, e.g., the x-axis, alters the remaining amount
of tilt about the y-axis. That is, if a pure tilt of angleθ about the y-axis is represented by
the height function , and a pure tilt of angleφ about the x-axis is repre-
sented by , then the x-axis tiltfollowed by the y-axis tilt would produce
the height function:

(C.2)

This cross-talk behavior between tilts is very small, however, since it multiplies the second
tilt by the cosine of the (always very small) first tilt adjustment; and the effect could there-
fore either be neglected. Alternatively, as is done in our tilt-removal code, it can be taken
into account very simply by using the mirror overlap integral results indicated in Eq. C.1
to first solve forθ, and then to useθ (and those overlap coefficients) to solve forφ. The
two tilts would then be removed sequentially, in the proper order.

The sole relevant drawback to this general procedure is a minor matter of inconve-
nience: since particular modal functions are being used for mirror tilt removal, a spot size1

must be chosen for the TEM modes used in Eq. C.1 that adequately represents the e-fields
which will interact with that mirror. Therefore, if one wants to use a given deformation
map on a new mirror in a different interferometer location (where the beam spot size is
different), or if the interferometer configuration parameters are changed in a way that sig-
nificantly alters the beam spot size at the location of that same mirror, then the tilt-removal
process has to be repeated for the deformation map, using the new spot size.

1.  Unlike the spot size, it is not necessary to specify theradius of curvature (see Appendix A) of
the mirror that uses a particular deformation map, since it is assumed that the beam will be properly
matched into the interferometer, and will always have the same curvature as the local mirror.

Im TEM10〈 | Exp 2i k– M x y,( )[ ]{ } TEM00| 〉,

Im TEM01〈 | Exp 2i k– M x y,( )[ ]{ } TEM00| 〉 0→

M x y,( ) x θsin≈
M x y,( ) y φsin≈

M x y,( ) x θ y φ θcossin+sin≈
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Appendix D

Calculation of the shot noise sensitivity limit for an
Initial-LIGO interferometer

Here we present the full calculation of the shot-noise-limited sensitivity curve of a LIGO
interferometer. As shown below, these results are not just for use in cases with idealized
interferometers and perfect mirrors, but can also be used to compute the noise curve for
runs with optical deformations, by incorporating the results from our FFT-based numerical
simulation program.

D.1 Deriving the Gravitational Wave signal

For these calculations, we will consider a monochromatic, transverse-traceless (TT) Grav-
itational Wave (GW) arriving with optimal direction and polarization with respect to the
interferometric detector. If the inline and offline interferometer arms are aligned (respec-
tively) along the x- and y-axes, then the GW is a perturbation to the flat-spacetime
Minkowski metric of the form [2, 25]:

(D.1)

where , and  is the rms amplitude of the GW. The GW angular
frequency is given by , and  is its initial phase at t=0, z=0.

The entire effect of the GW is treated as a modulation of the electric fields (e-fields)
resonating in the Fabry-Perot arm cavities, where a large amount of carrier power interacts
with the GW’s over a long round-trip path length (8 km). We follow the formalism of
Vinet, et al. [25], and compute the creation of GW-induced sidebands at  from the
circulating carrier frequency e-fields, originally at . If the initial e-field
amplitudes exciting each of the (exactly resonant) arms is given by , then to first
order inh, the total e-fields reflected from the arm cavities will be1:

(D.2)

where:

1.  For this calculation we use Vinet’s sign convention of, e.g.,  for temporal phase factors, in

place of our regular convention of, e.g., .
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(D.3)

(D.4)

(D.5)

In these formulas,  and  are, respectively, the power reflectivity and
transmission of the arm cavity input mirrors,  is the power reflectivity of the arm
cavity back mirrors, and L is the unperturbed length of the arms (4 km). Note thatA0 in
Eq. D.3 is just the normal coefficient of reflection from a resonant cavity, whileA1 andA2
(when multiplied by ) represent the GW-induced signal e-fields of interest. The sign
factor of  for the inline (offline) arm path ensures that these signal e-fields
will constructively interfere at the beamsplitter exit port (where the carrier is at a dark
fringe), and maximally emerge from the interferometer to generate the GW-signal.

We now make the following approximation, often made for interferometric GW detec-
tion:

(D.6)

so that , and . This approximation
with be very good for GW-frequencies of interest ( ). Further-
more, we define an (analytical) cavity storage time, as follows:

(D.7)

Finally, taking the absolute values of the GW-induced e-field amplitudes, we use Eq’s.
D.6 and D.7 in Eq’s. D.4, D.5 to get:

(D.8)

Thus, the GW-frequency response of the Fabry-Perot arm cavities is that of a simple
pole with , and with an overall amplitude determined by the optical
parameters of the system, such as the carrier frequency, mirror reflectivities, and the
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resulting arm cavity storage time (though note that the direct dependence of  and
on  cancels out for ).

So far, these formulas have been dependent upon analytical values for several optical
parameters of the system (r1, r2, etc.). This is not satisfactory for modelling the buildup of
power in cavities with deformed mirrors, and the results of our simulation program must
therefore be inserted in their place to model the impact of the various imperfections being
studied. First of all, we note that the amount of power resonating in the Fabry-Perot arm
cavities can be written as:

(D.9)

We can therefore re-write Eq. D.8 (now including the multiplication factor, , from
Eq. D.2), as:

(D.10)

Next, we replace the analytical cavity storage time with a more realistic, “effective”
storage time,τs, that is derived from the amplitudes of the program’s simulated e-fields.
Starting from the definition in Eq. D.7, and utilizing Eq. D.9, we may write:

(D.11)

where we have used the approximation:

(D.12)

which is good to ~98-99% accuracy, as long as we don’t use it in the denominator of, e.g.,
Eq. D.9, where small inaccuracies cause large errors in the calculation of resonant power
buildup.

We now simplify Eq. D.11 by eliminating , as follows:

(D.13)

where  and  are the amplitude reflectivity and trans-
mission values for the beamsplitter, with the “ref-side” and “inline” superscripts being
chosen in accordance with the particular beamsplitter ports that the relevant e-field has
interacted with, as per Figure 2.9. Plugging D.13 into D.11, andaveraging the results for
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the two arms (which may differ slightly due to unbalanced imperfections), we get:

(D.14)

Note that we use — with acceptable accuracy — analytical parameters such ast1, etc.,
in these formulas when onlyone trip is represented, such as one reflection or one trans-
mission through a mirror. Only when “many bounces” are involved, such as for the power
buildup in a cavity, do the effects of mirror imperfections become very important, requir-
ing us to use numerically simulated numbers.

We recall that Eq. D.10 represents the GW-induced signal e-fields that are generatedin
reflection from the Fabry-Perot arm cavities, which are being perturbed at GW-frequency
f; this can be made more apparent if we restore the factor of  that was dropped from
the overall amplitudes of the e-fields by approximation D.12, and renamer2 and t1 as,
respectively,r FP arm back andt FP arm input. Then Eq. D.10 becomes:

(D.15)

Intuitively speaking, this formula clearly represents the extraction of signal from the
“reservoirs” of power in the arm cavities by the perturbing force of the Gravitational
Waves, with the effects of signal amplification for long arm cavity storage times and nar-
rowbanding due to the cavity pole frequency being quite apparent.

These (upper & lower GW-sideband, inline & offline arm) reflection e-fields must be
brought to the exit port of the interferometer beamsplitter, so that they can be beaten
against the local oscillator (radio frequency) sideband fields in order to generate the GW-
signal. This entails, for the one-time trip through the beamsplitter, a multiplication by the
factor  ( ) for the inline (offline) arm e-fields, followed by their constructive
interference at the exit port. We then extract the TEM00 components from these fields (the
non-TEM00 components will contribute insignificantly, and in a difficult-to-calculate way,
to the total GW-signal), and re-write the field amplitudes (such as ) in terms
of square-roots of the output powers generated by our simulation program. Putting this all
together, we can write the total GW-induced signal e-field at the beamsplitter exit port as:

(D.16)
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In addition, we re-writeτs from Eq. D.14 as (c.f. Eq. 3.4 in Sec. 3.1):

(D.17)

In Eq. D.16,φ1, φ2 represent any (ultimately arbitrary) accumulated phases for the two
GW-induced sidebands which we have lumped together during the above calculations.

The GW-signal e-field, , gets added to the “quiescent” e-fields which exist at the
exit port in the absence of gravitational waves. This quiescent power includes both carrier
light, which emerges from the beamsplitter due to imperfect contrast, and radio frequency
(RF) sideband light, which serves as a local oscillator for heterodyning. Thus we have:

(D.18)

where:

(D.19)

with  being the RF-modulation angular frequency.

The power at the output photodetector, , will have components at sev-
eral frequencies, including terms at DC,Σ, 2Σ, Ω, 2Ω, and . But only those terms at
frequenciesΣ and  will be kept by the detection process; the rest will be eliminated
via demodulation with a mixer frequency ofΣ, followed by low-pass filtering with a pole
frequency that is chosen such that . Of the remaining terms that survive,
we first consider those at frequencyΣ, which are computed as:

(D.20)

Careful consideration [87] of the relevant phases between the upper and lower RF-
sidebands, plus the fairly accurate approximation that , leads to
the result that both of the terms on the right hand side of Eq. D.20 predominantly cancel
out, leaving only small remainders. These quantities are further reduced due to the poor
spatial overlap between the e-fields being multiplied by one another; in particular, there
should be very little power in the TEM00 mode for , while  and

 should consist primarily of TEM00 mode power. In any case, the terms in Eq.
D.20 represent (after demodulation and low-pass filtering) only a small, DC offset to the
final GW-signal, existing because of the imperfect carrier dark-fringe at the beamsplitter
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exit port, but which can presumably be subtracted outbecause it is at DC. As long as there
are no interferometer imperfections (e.g., large-amplitude mirror tilt noise at GW-frequen-
cies) which not only cause significant unbalances between the plus and minus RF-side-
bands, but also represent very fast fluctuations, then we can safely ignore the terms in Eq.
D.20 from our considerations of the GW-induced signal-to-noise ratio.

Next, we consider the terms at frequencies :

(D.21)

where “C.C”, as usual, means “complex conjugate”.

We can simplify this expression with a few approximations. First of all, we once again
treat the amplitudes of the upper and lower RF-sideband exit port e-fields as nearly equal:

(D.22)

We can then write, after some elementary algebra:

(D.23)

where  is the overall phase delay (plus ) of the response of the inter-
ferometer to the gravitational wave, and  is whatever “differential” phase the RF-side-
bands have picked up in propagating to the beamsplitter exit port, with respect to the GW-
induced signal e-fields generated from the carrier that have arrived there. Lastly, the phase

 includes whatever “common mode” phase the upper and lower RF-sidebands pick up
with respect to the GW-induced signal fields. This phase, , includes a  from the
initial creation of the RF-sidebands from the carrier beam (e.g., Eq. 2.87, using

), and a  due to the factors ofi preceding A1 and A2 in Eq’s. D.4,
D.5. If we make the assumption that no other significant amount of “common mode”
phase is picked up by the sidebands in their propagations through the system (particularly
reasonable for the sideband powers in the TEM00 mode, which remain near-anti-resonant
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in the Fabry-Perot arm cavities, and therefore pick up phase symmetrically about the car-
rier’s phase in reflection from the arms), then we can conclude that , and that

.

Now we consider the demodulation and low-pass filtering process. Multiplying
 by a demodulation function with the proper phase — i.e.,  — and

integrating, we get:

(D.24)

where “Ampl.” is the overall coefficient of  in , and where the inte-
gration time, T, for the low-pass filtering step obeys .

Finally, we must convert these power values as reported by the program (i.e., pre-nor-
malized to 1 Watt each of carrier and upper and lower RF-sideband power) into real power
values, in Watts, that will be detected by the output photodetector. If we define the total
(pre-modulation) laser power to be , and the modulation depth (as per Eq. 2.87) to be
Γ, then this entails multiplying the carrier e-fields by , multiplying the RF-
sideband e-fields by , and multiplying the detected signal by the finitequan-
tum efficiency, η, of the output photodetector. Putting all of this together with Eq’s. D.21–
D.24, we can at last write the amplitude (multiplying ) of the GW-signal,
divided byh, as follows:

(D.25)

D.2 Deriving the interferometer shot noise level

To compute the amount of photon shot noise interfering with the GW-signal detection pro-
cess, we first consider the shot noise created by a constant amount of power, P, falling on
the output photodetector (noting that the presence or absence of gravitational waves has a
completely negligible effect upon this total amount of power). The number of photons
detected, with detector quantum efficiencyη, is equal to:

(D.26)

wherehpl is Planck’s constant, and where we make the (very accurate) approximation that
 for counting the photons in both the carrier and RF-sideband e-fields
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emerging from the beamsplitter exit port.

Assuming that the number of photons in the laser beam obeys a Poisson probability
distribution [e.g., 88], the shot noise will bewhite with an rms amplitude equal to:

(D.27)

To convert this expression into rms fluctuations in detected power, we multiply it by
, thus yielding a formula for the rms noise amplitude:

(D.28)

The bandwidth of contributing shot noise is typically given [e.g., 25] as the inverse of
the GW-signal integration time, i.e., . In computing the spectral density
of shot noise, we assume an integration over unit bandwidth, so that , thus multi-
plying Eq. D.28 by unity. By counting the noise contributions at both “positive” and “neg-
ative” frequencies (or equivalently, the “sine” and “cosine” terms), we (incoherently) add
together those contributions from  (c.f. the left hand side of Eq. D.23). This
multipliesN2 by 4, orN by 2. On the other hand, the demodulation step shown in Eq. D.24
reduces the noise amplitudeN by , just as it reduced the amplitude ofS by half, so that
these factors of 2 and  cancel, and Eq. D.28 remains unchanged.

Lastly, we must determine what power level to use as “P” in the shot noise formula,
Eq. D.28. Neglecting  in Eq’s. D.18, D.19, we get:

(D.29)

where the last step was performed via the approximation of Eq. D.22.

In Eq. D.29, we see that the power falling on the output photodetector is clearly not
constant as was considered originally, but has variability at frequenciesΣ and 2Σ. The
effects of this temporal modulation of the output power on the measured level of shot
noise was first discussed in the context of Gravitational Wave detection by Schnupp [89].
These effects were later calculated in detail and/or measured in the laboratory by several
researchers [46, 90, 91, 92]. The resulting shot noiseafter demodulation is the sum of a
white, “broadband” component, plus sharp components at DC and at harmonics of the RF-
modulation frequency [92]. The noise terms at harmonics ofΣ can be dropped due to the
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low-pass filtering in Eq. D.24, and the DC term (produced from the  term in Eq.
D.29) is merely a DC offset, and in fact is very small (as per the discussion following Eq.
D.20, above). But the broadband component, on the other hand, is what limits the interfer-
ometer sensitivity; and its amplitude due to the exit port RF-sideband power (assuming
sinusoidal modulation and demodulation) isbigger than that which would be predicted
from just the time-averaged sideband power — i.e., if we neglected the  term in
Eq. D.29 — by a factor of . Thus for the value of P in Eq. D.28, we must write:

(D.30)

Finally, by inserting the necessary factors of , , and  where appropri-
ate in Eq. D.30 to convert the results into real power values (in Watts), we compute the
final expression for the shot-noise as:

(D.31)

D.3 Putting it all together: S/N and the shot-noise-limited Gravitational
Wave sensitivity function

The signal-to-shot-noise ratio of the interferometric detector (for a specified value of GW-
strength,h, and GW-frequency,f) can be computed by dividingS, as given in Eq. D.25, by
the formula forN, as given in Eq. D.31. If we define the shot noise sensitivity limit,

, as the value ofh — assuming a monochromatic GW of optimal incidence angle
and polarization — for which  is unity after a 1 second integration time, then we
have:

(D.32)

The computation of this final expression results in Eq. 3.3 of Sec. 3.1, as promised.

D.4 Other interferometer sensitivity expressions

The shot-noise-limited sensitivity expression which has been computed during the pre-
vious sections is not the only mathematical way in which the noise level in a Gravitational
Wave detector is reported. The expression implied by Eq. D.32 is a generic expression,
representing the raw spectral density of noise for a single LIGO interferometer; and while
this formula represents maximum flexibility and universality, it is often useful to convert it
into more complex expressions (as we have done in Sec. 3.4, for example) which quantify
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relevant properties of the detectors (e.g., multi-detector correlations), or of the GW-
sources (e.g., signal processing differences for “burst”, “periodic”, and “stochastic”
sources [2].)

For this reason, we conclude this appendix by giving a brief definition of some of the
commonly used GW-signal and noise expressions (fortotal noise, not just shot noise) that
are considered in Gravitational Wave detection [12]:

• , thenoise spectrum, which is the square root of the spectral density of a single

interferometer’s noise floor, converted into an effective GW-strain amplitude. It has

dimensions of . The comparison strain amplitude for this expression repre-

sents a monochromatic Gravitational Wave of frequencyf, impinging upon the inter-
ferometric detector with optimal polarization and source orientation on the sky, which
produces a unity signal-to-noise ratio when integrated for a period, Tint, of 1 second1.

A computed shot noise curve, , as defined by Eq. D.32 represents only the shot

noise component of this total noise spectrum, which must be added to other noise
components incoherently (i.e., in quadrature) to form the total noise spectrum.

• , therms strain amplitude noise, in a bandwidth equal to frequency

(i.e., this formula assumes that a broadband GW-source will spend time

 in the vicinity of frequencyf ). This brings the noise spectrum into

dimensionless form, for ready comparison with the dimensionless “characteristic
amplitude” (see below) of GW’s from a broadband source.

• , thecharacteristic amplitude of the GW’s, where ncycle is the

approximate number of GW oscillation periods which the GW spends near frequency
f. Thus, for GW’s with optimal source direction and polarization, the amplitude signal-

to-noise ratio is given by . Random source orientation and

polarization reduces this  by a factor of .

• , thesensitivity to GW bursts. The characteristic GW-source

amplitude necessary for it to be jointly detected byall of LIGO’s interferometers with

high confidence (  in the 4 km interferometers at the Louisiana and Washing-

ton sites, and  in the 2 km interferometer at the Washington site), assuming

random orientation and polarization, and no prior information for source triggering.

1.  The integrated GW-signal goes up like Tint, while the integrated (incoherent) shot noise
goes up like , so that for signal integration times other than 1 second,  goes down
(i.e., isimproved) like .
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